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Abstract

This work investigates the application of Richardson Extrapolation (RE) and its variants, including the Repeated Richard-
son Extrapolation (RRE) and the Completed Richardson Extrapolation (CRE) with polynomial interpolation, to improve
the accuracy of numerical solutions in Computational Fluid Dynamics (CFD) problems. The study focuses on reducing
the field discretization error through the coupling of extrapolation techniques with SubGrid strategies, an aspect rarely
explored in the literature. The proposed method, referred to as Richardson Extrapolation with SubGrid (RES), is evalu-
ated and compared with the CRE-I, FRE, and RRES approaches using the Finite Difference Method (FDM) with the
second-order central difference scheme (CDS-2). The 2D Poisson, 1D and 2D Burgers, and 2D Navier—Stokes equations
are solved on uniform and non-uniform grids, with known analytical solutions used to assess the discretization error. The
results show that RE and RRE with SubGrid effectively reduce the discretization error, allowing for accuracy orders of
12 and 34. The RES method exhibits superior performance due to the local transfer of extrapolated information between
coincident grid points, which suppresses truncation errors before they propagate. These methods are robust, simple to
implement, and constitute efficient post-processing tools for improving numerical accuracy in CFD simulations.

Keywords Richardson extrapolation - SubGrid - CFD - Interpolation - CRE - FRE - RRE

1 Introduction

Richardson Extrapolation (RE) [1, 2] is a method used in the
post-processing phase to reduce and estimate the discretiza-
tion error of numerical solutions of differential equations.
As a consequence, there is a reduction in CPU time and
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computational memory required to solve a problem with a
given error level [3]. The basic RE method requires know-
ing the numerical solution of the variable of interest on two
computational grids with different numbers of nodes in the
post-processing phase.

RE is an old method [1], however, with technologi-
cal advances in computing, especially the development of
more powerful processors and memory, several scientific
studies have been published emphasizing lower discretiza-
tion errors and more accurate solutions [4, 5]. The succes-
sive application of RE gives rise to a new method called
Repeated Richardson Extrapolation (RRE) [2]. In this
method, each application of RE represents another level
of extrapolation, and it is necessary to have three or more
numerical solutions available with different numbers of
nodes [6, 7]. Erturk et al. [7] applied RRE with two levels of
extrapolation to the numerical solution of the Navier-Stokes
equations using the streamfunction-vorticity formulation in
the classical lid-driven cavity problem for various Reynolds
numbers. They achieved sixth-order of accuracy based on a
second-order approach. Marchi et al. [3] used RRE in a 2D
heat transfer problem to obtain highly accurate numerical
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solutions. They demonstrated that RRE is extremely effec-
tive in reducing the discretization error of both primary and
secondary variables, regardless of the number of numeri-
cal approximations employed, in addition to other impor-
tant findings that highlight the value of the RRE method.
Marchi et al. [8] introduced a new methodology in which
polynomial interpolation was applied to numerical solutions
of local variables obtained at different grid points, followed
by RRE. Four CFD problems were used to test the pro-
posed procedure, including the 2D Navier—Stokes equa-
tions. Among their conclusions, they pointed out that RRE
is more suitable for global variables or local variables with
a fixed location that coincides with a nodal point in each
considered grid. They also demonstrated that the discretiza-
tion error was significantly reduced, the order of accuracy
was increased, and the computational effort was required to
obtain the solution at a given numerical error level. In Silva
et al. [9], the RRE method was applied to local and global
variables obtained using the Smoothed Particle Hydrody-
namics (SPH) method. They showed that RRE is robust in
achieving up to sixteenth-order of accuracy in meshless dis-
cretization for the spatial domain.

Other methods used to reduce discretization error based
on Richardson extrapolation can also be found in the lit-
erature. Considered an extended version of RE for solution
fields, the Completed Richardson Extrapolation (CRE) was
developed by Roache and Knupp [10]. In CRE, a Richard-
son extrapolation is applied to solutions obtained on two
grids. They used the one-dimensional Poisson equation
with different source terms, the Advection-Diffusion equa-
tion with different Peclet numbers, and the two-dimensional
Poisson equation in a unit domain. They concluded that the
method produces a fourth-order accurate solution on a Sub-
Grid, combining second- order solutions on the fine grid and
the SubGrid, and is “complete” in the sense that a higher-
order accurate solution is obtained at all nodes of the fine
grid. In [11], a procedure based on CRE was proposed for
grids with possibly non-coincident nodes,

which are frequently used in compressible flows. The
developed method called Completed Repeated RE (CRRE),
was tested on numerical solutions of one-dimensional and
quasi-one-dimensional Euler equations with steady-state
solutions. An excellent performance of CRRE was observed
in the test problems, where the error was reduced by seven
orders of magnitude.

A new method, Full Richardson Extrapolation (FRE),
was developed by Marchi et al. [12], combining the fea-
tures of CRE and RRE. The method was used in solution
fields for one-dimensional and two-dimensional problems
in Computational Fluid Dynamics (CFD), including the
2D Burgers equations with Re=1. They observed that both
FRE and CRE methods produce fourth-order of accuracy in
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reducing the discretization error across all tested models:
Poisson equations, 1D advection-diffusion, 2D Laplace, and
2D Burgers equations in the velocity variable, u.

In [13], the development of extrapolation processes
in numerical analysis is emphasized, mainly focusing on
those based on polynomial or rational functions. An exten-
sive bibliographic review was conducted, presenting the
most important contributions and making interconnec-
tions between works in different areas. A study on the cost
of extrapolation methods was conducted by Silvana et al.
[14]. They used the explicit midpoint rule and showed that
the cost of reducing the error is polynomial in the number
of precision digits for numerical sequences with at most an
arithmetic growth, and exponential for numerical sequences
with at least a geometric growth. Convergence analyses for
a nearly singularly perturbed linear problem, with an inte-
gral boundary condition and adaptive grid, can be found in
[15].

More recently, several studies have demonstrated that
Richardson extrapolation and its variants remain an active
research topic. In [16], it was demonstrated that Completed
Richardson Extrapolation (CRE), when combined with geo-
metric multigrid, can yield higher-order accurate solutions
for the Poisson equation without modifying the underlying
discretization stencil. Fekete et al. [17] established theoreti-
cal results demonstrating that repeated Richardson extrapo-
lation (RRE) can systematically increase the convergence
order of linear multistep methods, formally reinforcing the
effectiveness of RRE as a tool for improving accuracy order.
In a broader con- text [18], introduced a generalized form of
extrapolation, called Layerwise Richardson Extrapolation
(LRE), capable of handling multi-parameter error struc-
tures in quantum systems, highlighting the modern trend of
extending Richardson-based methods to more flexible and
localized error models. These recent contributions confirm
the growing interest in advanced extrapolation strategies
and support the motivation for exploring RE with SubGrid
approaches.

Unlike adaptive grid refinement techniques that com-
bine SubGrid resolution with error estimators, the RES and
RRES methods used in this work operate strictly as post-
processing procedures and do not modify the solver or the
grid. This independence from the numerical discretization
and the absence of refinement criteria define the main nov-
elty of the present approach and distinguish it from state-of-
the-art SubGrid-based error-reduction methods.

The methods mentioned above generally provide good
results when applied according to their characteristics. In
addition to fulfilling their purpose of reducing.

discretization error, they also reduce computational cost,
which is essential in engineering design scaling. In this
context, it is important to emphasize the constant need to
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improve numerical solutions. The methods based on Rich-
ardson extrapolation fit into this context as excellent auxil-
iary tools, with their enhancement being crucial for use in
various types of problems that arise in CFD.

The focus of the present research is to contribute to the
literature by adding SubGrid and polynomial interpola-
tion to Richardson extrapolation. Therefore, the aim is to
continue improving RE by using different types of grids to
obtain more accurate solutions across the entire solution
field of some mathematical models.

In CFD, it is common to use non-uniform grids in numer-
ical simulations due to their greater versatility in adapting to
physical phenomena. In this work, three types of structured
grids are adopted: (a) uniform grids, (b) non-uniform grids,
and (c) directionally non-uniform grids, and their use aims
to evaluate the performance of the extrapolation methods
under distinct discretization scenarios, which is a key aspect
of the present study’s objective, since the behavior and
effectiveness of RE-based techniques depend on the local
mesh distribution and error structure.

The following sections are organized as follows: Sect.
2 defines the mathematical and numerical models; Sect. 3
provides a brief overview of the methods’ design and meth-
odology; Sect. 4 presents and discusses the post-processing
results; and Sect. 5 provides the conclusion.

2 Mathematical and numerical models

As known in the literature, a common procedure to obtain
numerical solutions for engineering problems is to divide
the real domain into a finite number of points or control
volumes, usually referred to as the computational grid [19],
which is used to discretely represent the real domain of the
mathematical model. The Finite Volume Method (FVM)
[19] and the Finite Difference Method (FDM) [20] are fre-
quently used to approximate the derivatives that arise in the
governing equations. In the present work, FDM is adopted
in three types of structured grids, Fig. 1. In the uniform
grid, Fig. la, the distances between two consecutive points
are equal. In the non-uniform grid, Fig. 1b, the distances
between two consecutive points are not necessarily equal.
If the grid is uniform in direction, Fig. lc, the distances

Fig. 1 Two-dimensional grids in & ® 9o
several configurations

between two consecutive points are equal only in each spa-
tial direction, x or y.

In grids, as illustrated in Fig. 1, Richardson Extrapolation
will be applied to the numerical solutions of four common
mathematical models in CFD problems. All cases are con-
sidered in a unit domain, where (x, y) € [0, 1] are the spatial
coordinates. The choice of models with known analytical
solutions is justified by the need to measure the numerical
error to assess the performance of the methods. The bound-
ary conditions are applied based on the corresponding ana-
lytical solution. The models are described below.

1. Nonlinear 1D Burgers equation

dv d21} ReZexRe<eacRe _ eRe))
vRe— = — 5 (1
de  dz? (efe — 1)
The analytical solution of Eq. (1) is given by
ea:Re -1
o) = S @

where the field variable v is the flow velocity, Re=1 is the
Reynolds number.

2. 2D Poisson equation
02T  9°T 2. o
w aiyz = ey(l — Z) Sln(§$). (3)

The analytical solution of Eq. (3) is given by

T(z,y) =eY sin(gaz) 4)

where the field variable 7 is a physical quantity.

3. Nonlinear 2D Burgers equations

(b) (c)
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where u and v are the velocities in the directions of the x and

y axes, respectively, p is the pressure, Re is the Reynolds
number, and S is the additional source term introduced due
to the manufactured solution [21]. The analytical solution of
the system given by Eq. (5) is, Shih et al. [22],

u(w,y) = 8(z* — 22° +2%)(4y° — 29) , ©

v(z,y) = —8(42° — 62% + 22)(y" — y?),

4. Navier-Stokes equations - streamfunction—vorticity
formulation

The two-dimensional Navier—Stokes equations for an
incompressible viscous flow, written in terms of the vortic-
ity transport equation and streamfunction equation (y, ®),
are given by [23],

o _ o _

or Oy ’ o
Do Du_ L (000s 0y
Ox + Oy _Re(ay ox O 8y> +3,

where y is the streamfunction and Re is the Reynolds num-
ber, S is a term that arises due to the manufactured solution.
The vorticity equation is given by

w—@—@ 8
Ox Oy (8)

The Eq. (7) are Poisson-like equations and are coupled by
the variables y and w. The velocity components are defined
in terms of streamfunction as follows

_o W
u-a—y, v = or 9

The analytical solution of the system given by Eq. (7) is

Grid scheme

g=1 e L D)
g=2 e . .
g=3 e o o oy o

g=4 e e 3 e e; e; e; ey e

Fig. 2 Location of extrapolation points in one-dimensional grids with
finite differences
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Y(z,y) =8(a" — 227 +2%)(y" — o),
w(z,y) = —8(122% — 122 + 2)(y* — y?) — 8(a* — 22% + 2?)(12y% - 2).

(10)

The analytical solution of the velocities, Eq. (9), is given
by Eq. (6). The values of y and ® at the boundaries are
obtained from Egs. (10), and the velocities at the boundaries
are obtained from Eq. (6). All derivatives are approximated
using the Finite Difference Method with the second-order
CDS-2 (Central Difference Scheme). In Eq. (1), uniform
and non-uniform grids are used, and the resulting system
of equations is solved with the iterative TDMA solver [24].
In Eq. (3), uniform and directionally non-uniform grids
are used. The system of equations resulting from Eq. (5)
is solved with the MSI (Modified Strongly Implicit) solver
[25]. The Gauss-Seidel solver [26] is used for the system
of equations arising from the 2D Poisson and the Navier-
Stokes equations, Eq. (7). The geometric multigrid method
with V-cycle [5, 23] is used in the two-dimensional models
to accelerate the convergence of the iterative methods. The
velocities, Eq. (9), are approximated with second-order of
accuracy (CDS-2) on the finest grid of each V-cycle of the
multigrid method during the iterative process.

Regardless of the grid type, whether uniform or non-uni-
form, a uniform refinement with a ratio of »=2 is used. In
this case, the orders of accuracy of the method are the same,
which is important for post-analysis. The parameter r=2
represents the refinement factor between two consecutive
grids, meaning that the finer grid contains twice as many
intervals (and therefore nodes) in each spatial direction
compared to the immediately coarser grid. For the non-uni-
form grids considered in this work, the refinement ratio r=2
is maintained by doubling the number of intervals in each
coordinate direction while preserving the same stretching
distribution. Thus, the non-uniform spacing function is kept
identical across refinement levels, and all local steps are
scaled by 1/2. This guarantees that corresponding spacings
satisfy hgguree = 2M4ne> €nsuring the validity of Richardson
extrapolation even under directional non-uniformity.

Due to the use of manufactured solutions, the simulations
associated with Egs. (5) and (7) are carried out with a unit
Reynolds number [27]. To eliminate iteration errors, in all
simulations, the solver was run until the machine rounding
error was reached with quadruple precision (Real*16).

3 Methods and methodology

In this section the extrapolation methods used in the numeri-
cal simulations are presented. To better illustrate them, con-
sider four one-dimensional grids, as shown in Fig. 2. The
coarser grid, g=1, has two nodes; the others are obtained
through uniform refinement with a ratio of two.
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In Fig. 2, the existence of coincident points can be
observed. The subsequent finer grids contain the points of
the coarser grids, i.e., the grid g=4 contains the points of
grids g=3, g=2, and g=1. This concept is important for
the following steps of the methodology in the application of
post-processing methods, whose goal is to simultaneously
reduce the numerical error of all points in the chosen grid.
In the following sections, the methods used with a focus on
this objective are presented.

3.1 SubGrid variations with RE and RRE

Richardson Extrapolation (RE) is built from the Taylor
Series using numerical approximation with a spacing of
h between two consecutive nodes. At least two numerical
solutions ¢(h#) and ¢(rh) are required, which correspond
to the values obtained in the discretized domains Q" (fine
grid) and Q" (coarse grid), where 74> h. The relation- ship
between the two grids is given by the refinement ratio r,
preferably uniform. The RE can be written as [28],

¢ = (boc + CthO + Clhp1 + C2hp2 + 5T(hp3)7 (11)

in which the coefficients ¢; are constants, not necessarily
positive. The exponents p, p,, p,, *** of h, of the non-zero
terms in Eq. (11), represent the true orders of the discretiza-
tion error [10], monotonically increasing, 1<p, < p, < p,
< ---. The smallest exponent of z in Eq. (11) is called the
asymptotic order. With grid refinement, the first term of 4
begins to dominate over the others, and the numerical solu-
tion can be written as [29],
O = oo +c1hP*,  p,=1,2,3,---, (12)
in which ¢ represents an approximation to the exact ana-
lytical solution or the extrapolated solution,
given by

o) = 8(rh)

rPv —1

$oo(h) = ¢(h) + (13)

When the order of accuracy of the numerical approximation
of the derivatives is second order (CDS-2), the true orders
of the error are p, =2,4,6, - - .

The Repeated Richardson Extrapolation (RRE) [9, 10]
is obtained by applying Eq. (13) recursively on G distinct
grids Qh' , th,Qh37 Qh27 N O L ,QhG ,generated
with a refinement ratio r=h¢"'/h¢, g=2,.,G, where the equa-
tion is obtained

Buim = gy + BT G =1 g1
rPm—1 —

(14)

Grid RES scheme

g=1 o .

g=2 Te ) T o3
Fig. 3 Schematic representation of the RES method, g=1

Grid Final scheme, m =1

g= 1 ’1 ’2

g=2 & L D) L 3

g=3 & L D) L B L L B

Fig. 4 Final scheme with RES for a single extrapolation, m=1

in which m indicates the extrapolation level and g the grid

number. The variables ¢, ¢4, $30, ---» PG rEPresent
the numerical solutions ¢,, ¢,, ¢s, ..., ¢, obtained on the
grids Q' , Qr’ , Qh37 Qh2, N VL 7QhG, respectively,
without extrapolation, i.e., m=0.

A methodology proposed in this work can be understood
with the application of the grid g=2 of Fig. 2, where only
the coincident points are used. The points ¢, e *3, Fig. 3 of
g=2 are injected (1) into the grid g=1 using RE, replacing
their solutions with their extrapolated versions, whose accu-
racy is theoretically higher. This concept will be denoted
as SubGrid, that is, Richardson Extrapolation with SubGrid
(RES).

The process is repeated for grid g=2, using g=3 as sup-
port, then for grid g=3, using g=4. Thus, three grids can
be obtained with an extrapolation through RES, as shown
in Fig. 4. The extrapolated grid point is denoted as 4,. It is
observed that, with the continuation of the process, it is pos-
sible to obtain new extrapolated grids, similar to RRE, in
which the finest grid is always discarded.

An alternative approach to using SubGrid consists of the
direct application of RRE, optimizing one grid at a time.
In this process, when selecting a grid, its predecessors are
automatically discarded. For example, considering Fig. 2,
choosing grid g=2 eliminates grid g=1. Similarly, selecting
grid g=3 discards both grids g=1 and g=2. Subsequently,
in the following grids, the nodes coinciding with the chosen
grid are isolated, and RRE is applied only to these points.

Figure 5 illustrates the final scheme of this approach,
using the example for g=1. In this scheme, *i(m) refers
to the point at position i on the grid with m extrapolations
(where m=0 is the initial grid without extrapolations). The
extrapolation used at each +i(m) is the first obtained for each
point. In the illustrated case, it was possible to perform three
extrapolations. This method is called RRE with SubGrid
(RRES).

One way to optimize the finer grid with SubGrid, in the
initial case with g=4 or any other set of points § without

@ Springer
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Grid Final scheme, g = 1 g=1 Le v e
g=1 (0) *2(0) g=2 e = * — o3
g=2 (1) e3(1)
g= 3 . (2) . (2) Fig.8 Scheme for CRE on grid g=2

=4 e(3 (3 . L

2 (3) 9(3) 3.2 Completed Richardson extrapolation with

Fig.5 Final scheme with RRES for the grid g=1 variations
Grid Initial scheme The Completed Richardson Extrapolation (CRE) [10] is
g=1 e X1 X Xz X4 X5 Xg X7 e obtained when two grids, fine and coarse, are given, and
g=2 & D1 Dy D3 & Dy D5 D5 O3 it is possible to perform extrapolations at all points of the
g=3 e 1 e T2 o3 T3 e Ty e fine grid
g=4 e e o3 o5 e; e; 7 e o '

Fig. 6 Initial scheme for RRES-I, g=4

coincident points between grids, is through polynomial
interpolation. Approximating functions with polynomials is
one of the oldest ideas in numerical analysis and remains
one of the most widely used techniques in the field [15].
This is because polynomials are easily computable, their
integrals and derivatives are straightforward to obtain, and
their roots can be determined, when possible, in a reason-
ably simple manner.

Consider f as the set of points of the g=4 grid shown in
Fig. 2. If any point is missing from the grid, interpolations
are performed. For example, in the g=1 grid from Fig. 6,
the points x; are obtained through interpolations using
only the available points in the g=1 grid. This procedure
is repeated for the g=2 and 3 grids to obtain >; and V;,
respectively. In the g=4 grid no interpolation is necessary
since [ already represents its set of points. In the RRES-I
procedure, the interpolation polynomials were chosen with
degrees between 2 and 10. This range reflects the actual
number of supporting points available in the grid hierarchy.
To construct a polynomial of degree £, at least £+ 1 distinct
nodes are required in each direction, and the refined grids
used in this work provide enough points to allow interpola-
tion up to degree 10.

This is the initial step of RRES for f and the process con-
tinues with the repeated application of RE, as previously

Let the grids g=1 and g=2 be as illustrated in Fig. 8.
Then, it is only possible to apply RE to the points +; and *;
of the g=2. In this case, unlike the SubGrid approach, it is
the fine grid that receives () the extrapolated points. For
point «, information is injected (— ~ v «) from the points
with coincident neighbors to complete the extrapolations on
the g=2 grid.

In [13], the authors showed that RE is only applicable to
the odd nodes of the fine grid. To obtain accurate solutions
at the even nodes, they transformed the fine grid into two
SubGrids: the first one contains the odd points of the grid
that have coincident points in the coarse grid, and the sec-
ond one contains the even points.

The Completed Richardson Extrapolation can be sum-
marized by the equation.

P+ P+C, (15)

where P represents the set of points with numerical solu-
tions from the grid that receives the original values plus the
correction C, for each case of the SubGrid.

In this work, some variations of Eq. (15) are addressed,
which will be illustrated with the one-dimensional case.

Let i=1,3,5, ", Ng nodes, with Ng odd, of grid g, for
g=2,- - -, G grids, where g=1 is the coarsest grid, and the
others are obtained using uniform refinement with a ratio of
two, adapted from [13], we have

explained and illustrated in Fig. 7. We denote this method as 0i = by L+ g (16)
Repeated Richardson Extrapolation with SubGrid and Inter-
polation (RRES-I). where
¢;".*1 — ¢21:11.
mo_ )t X 17
o, = e Yemi (17)
Fig. 7 Final scheme for RRES-I Grid Final scheme
g;g;tegggp?jj‘ms and fbeing the == 775710) x1(0)  x2(0) x3(0) x4(0) X5(0) xa(0) x7(0) e(0)
’ g=2 e;(1) (1) o(l) 3(1) ea(l) (1) (1) (1)  e3(1)
g=3 e1(2) wi1(2) e2(2) V2(2) e3(2) v3(2) ea(2) va(2) e5(2)
g=4 e;(3) e3(3) e3(3) e4(3) e5(3) e5(3) e7(3) eg(3) eg(3)
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¢ represents the variable of interest, C the correction term,
m the extrapolation level, g the grid number, and i the spatial
position of the node in the grid. For the even nodes, we have

m _om—1 m
g,i+1 = Yg,i+1 g,i+1> (18)

with i= 1,3,5,....,N, = 2, in which.
1. Classical (CRE) adapted from [13]

C7Tli + le
i1 = = 2 B (19)

2. Interpolated (CRE-I): If possible, the corrections
obtained at up to p+1 coincident nodes around node
i+1 are interpolated, obtaining a polynomial ¢, of max-
imum degree p and.

O;:li+1 = ‘Pp(xiﬂ)a (20)
otherwise, the classical mode is adopted, Eq. (17).

3. Full Richardson Extrapolation (FRE), adapted from
[11]

git1 = Cgi + k(CJli o — CF), (21)

in which k is the weighting factor given by the equation

m—1 _ gm—1
k=it (22)
g,i+2 g,t

In the two-dimensional case, with the exception of CRE-I,
the procedure is similar and can be seen in more detail in
the referenced works. In CRE-I, interpolations can be per-
formed in two ways: (a) in the traditional form using two-
dimensional interpolations and (b) using one-dimensional
interpolations by directions.

It is important to emphasize that for CRE-I, the inter-
polations must have orders equal to or higher than the
orders of the numerical solutions, i.e., py>2. It is recom-
mended to establish a maximum interpolation order and
use it whenever possible. In this work, interpolations with
orders between 2 and 10 were employed. These levels can
be achieved when the region of interest does not extend over
the boundaries and the grid contains the necessary number

Grid Final scheme, m = 1
g=2 & AV L 2
g=3 * VAV L 2 Ay ¢+

g=4 ® Do 43 Ay 4 Dg € DNz 4

Fig. 9 Final scheme for an extrapolation using four grids, m=1, with
CRE and variations

of points. For example, at least 11 points are required to
obtain an interpolation of order 10 in linear interpolation.
Interpolations as a way to improve extrapolations were also
used by [10] and [14].

Figure 9 illustrates the final scheme for an extrapolation
with CRE using four grids. The symbol ¢, represents the
points obtained with RE and L, through some method pre-
sented earlier. It is possible to continue the extrapolations,
but in this case, the coarsest grid is always discarded, unlike
in RES.

The CRE was initially developed to perform only one
extrapolation [13]. However, with appropriate modifica-
tions to the correction term C, it is possible to perform mul-
tiple extrapolations, i.e., m>1. Other ways of modifying C
can be seen in [30, 31].

3.3 Variable of Interest and Grid Generation

In the present study, the variable of interest is the average of
the discretization error magnitude, £;-norm, given by

N
l1<E(¢)) — Zv’,:l |§)71 - ¢1| (23)

in which ¢ is the numerical solution, ® is the exact analyti-
cal solution, N is the total number of internal points, and E
is the discretization error given by E(¢) = ®— ¢ at each point
i of the grid, i=1,2,3,-- ,N.

The accuracy of the numerical solutions is verified
through a posteriori analyses based on the equivalent orders
of accuracy, referred to as the effective order of the £;-norm,
given by

O=¢

log (‘ T ) (24)
log(r)

PE =

where ¢, and ¢, are the numerical solutions on the coarse
and fine grids, respectively, and =2 is the refinement ratio.
The expressions ®—¢, and ®—¢, refer to the £,-norms
calculated on the coarse and fine grids, respectively. Theo-
retically, the order of accuracy in CDS-2 is p,=2, even on
non-uniform grids. In the present work, the orders are mul-
tiples of 2.

On non-uniform grids, the coordinates of the points on
the initial grid were selected randomly from the vectors 4,
and h,, which represent the distances between points in the
x and y directions, as illustrated in Fig. 10.

The following grids were generated with a refinement
ratio »=2. The initial vectors are shown below.

1. Burgers 1D
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X1 X2 X3
Fig. 10 Example of a non-uniform grid illustrating x and y distances
hy =~ (6.85E — 08, 4.450E — 03, 6.16E — 02,

1.16E — 01, 1.68E — 01, 1.46E — 01, 5.86E — 02, (25)

1.60E — 01, 1.39E — 01, 1.45E — 01)7.
2. Two-dimensional: 5% 5

hy ~ (3.75E — 07, 2.44E — 02, 3.37E — 01, 6.38E — 01)%,

26
hy &~ (3.16 — 01, 2.75E — 01, 1.10E — 01, 2.99E — 01)7". (26)
3. Two-dimensional: 7 X 5
he ~ (1.38E — 07, 8.96E — 03, 1.24E — 01, 2.34E
—01, 3.38E — 01, 2.95E — 01)7, 27)

hy ~ (1.16E — 01, 3.18E — 01, 2.76E — 01, 2.89E — 01)7.

4 Results and discussions

The computational codes were written in Fortran 90. The
simulations were per- formed on a computer with a 64-bit
Windows 10 operating system, 16 GB of RAM, and
2.4 GHz, with quadruple precision (Real*16). It is important
to note that all extrapolation-based techniques evaluated in
this work (RES, RRES, CRE-I, RRES-I and FRE) operate
strictly as post-processing procedures. Therefore, the addi-
tional computational cost associated with these methods
is limited to local extrapolation/interpolation operations,
which are negligible when compared with the dominant
cost of solving the differential equations themselves. For
this reason, no significant increase in CPU time or memory
usage was observed in any of the simulations, and a dedi-
cated performance table was deemed unnecessary.

Table 1 summarizes the mathematical models, variables
of interest, and methods discussed. In the 2D Burgers and

@ Springer

Table 1 Mathematical models and methods tested in present work

1D Burgers

Uniform RES CRE-I RRES RRES-I FRE
Non-uniform RES CRE-I RRES-I FRE
2D Burgers

u velocity RES CRE-I RRES

v velocity RES CRE-I RRES

2D Poisson

Uniform RES CRE-I

Non-uniform by direction RES CRE-I

Navier-Stokes

v streamfunction RES CRE-I

 vorticity RES CRE-I

u-velocity RES CRE-I

2D Navier-Stokes equations, only uniform grids were used.
All simulations were performed with different grid sizes,
one of the requirements necessary for extrapolation. The
solvers were run with sufficient iterations to reach machine
rounding error, thus eliminating iteration error. The refine-
ment ratio between the grids is =2. The number of signifi-
cant digits of the numerical solution without extrapolation
is at least 32, and the theoretical order of accuracy is p,=2,
Eq. (11). The discretization error magnitude, £;-norm, was
calculated using Eq. (23), and the effective order p, of the
¢,-norm was calculated with Eq. (24), as described in Sect.
3.3. In the following subsections, the main results of the
methods from Table | tested with the mathematical models
described in Sect. 2 are highlighted.

4.1 2D Poisson equation

Simulations were performed for the 2D Poisson equation
using initial grids with dimensions of 5% 5 and 7% 5, which
were uniform and non-uniform, respectively. Some results
are presented in Fig. 11. The curves represent the £,-norm
of the discretization error and its corresponding effective
order pj as a functions of the grid size and the number of
extrapolations, denoted by m. Each curve corresponds to
an extrapolation level for a specific grid with spacing 4.
The curve associated with the numerical solution without
extrapolation is indicated by m =0, whereas m =1 represents
one extrapolation, and so on.

Figure 11 presents the results of the RES and CRE-I
methods applied to the 2D Poisson equation. Figure 11a and
b show the results obtained with uniform grids.

As illustrated in Fig. 11a, the error is significantly reduced
with m=1 and m=2, and modestly with m=3 for CRE-IL.
For m=4 and m=35, identical results are obtained, indicating
that further extrapolations have no additional effect. In the
case of RES, the error is significantly reduced for all values
of m from 1 to 5. Comparing the two methods, it is observed
that, for the same values of 4 and m, RES exhibits a lower
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error, making it more efficient than CRE-I in reducing the
discretization error. In terms of order of accuracy, as shown
in Fig. 11b, both methods yield the same results: for m=1,
the order tends to 4, and for m=2 or higher, it tends to 6.

That is, an increase of four orders of accuracy is achieved
compared to the initial order of 2 for numerical solutions
without extrapolation, m=0. Figure 1lc and d show the
results of simulations performed with non-uniform grids in
each direction. As seen in Fig. 11c, for CRE-I, the error is
significantly reduced only for m=1; for m=2 to m=5, the
error increases compared to m=1 for the same 4, meaning
that extrapolation worsens the numerical result. In the case
of RES, the error is significantly reduced for all values of m
from 1 to 5.

Comparing the two methods, it is observed that RES
exhibits a lower error, for the same /# value and any m,
making it more efficient than CRE-I in reducing the dis-
cretization error. Regarding order of accuracy, as shown in
Fig. 11d, CRE-I tends to 4 for any m>1. In the case of the
RES method, an order of 4 is obtained with m=1, and 5 for
m>2. Therefore, the CRE-I method achieves an increase of
2 orders of accuracy compared to the initial order of 2 for
numerical solutions without extrapolation, m =0, whereas
the RES method achieves an increase of 3 orders.

(Y
4.2 Nonlinear 1D Burgers equation

The simulations for the one-dimensional nonlinear model,
Eq. (1) with Re=1, were performed with 11 points on the
coarsest grid and refinement up to 163,841 points on the fin-
est grid for both uniform and non-uniform cases. Each curve
in Fig. 12 represents a level of extrapolation m as illustrated
in Fig. 4 of Sect. 3.1. The oscillation in the determination
of pp when the number of extrapolations increases, m>1,
occurs when the numerical error is dominated by round-
off errors, since the definition of p;, Eq. (24), is valid for
the discretization error [32]. From the third extrapolation
onward, the curves were omitted for the CRE-I and FRE
methods because the extrapolated solutions are coincident.

Figure 12a and b illustrate the results of applying the
RES, CRE-I, and FRE methods on uniform grids. For m=1,
the three methods show approximately the same error curve.
However, for m>2, the FRE method does not reduce the
error compared to m=1; on the other hand, the CRE-I and
RES methods continue to reduce the error as m increases,
with RES showing lower error for the same m and 4. In
terms of order of accuracy, as shown in Fig. 12b, the order
of the FRE method is 4 for any m; for the CRE-I and RES
methods, an increase of 2 orders is obtained with each addi-
tional m, reaching order 12 for RES when m=35.
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Figure 12c and d show the results of simulations per-
formed with non-uniform grids. As seen in Fig. 12c, for
FRE and CRE-I, the error is significantly reduced only for
m=1; for m=2 and m=3, each method maintains the same
error level as with m=1 for the same /. In the case of RES,
the error is significantly reduced for all values of m=1 to
5. Comparing the three methods, it is observed that for the
same value of 4 and any m, RES exhibits the lowest error,
making it more efficient than CRE-I and FRE in reducing
the discretization error. In terms of order of accuracy, as
shown in Fig. 12d, FRE and CRE-I tend to 4 for any m=>1.
In the case of the RES method, an order of 4 is obtained for
m=1, with an increase of 2 orders for each additional m,
reaching order 12 for RES when m=35; this result is identical
to the case with uniform grids.

Figure 13 presents some of the results obtained with
the RRES method, as illustrated in the scheme in Fig. 5.
In each curve, the first point on the right corresponds to
the £,-norm of the numerical solution for the chosen grid,
without extrapolation, that is, m =0, while the second point
on the same curve represents the £;-norm of the numeri-
cal solution with m=1, and so on, until the lowest point on
the curve, which represents the numerical solution with the
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maximum number of extrapolations, according to the pro-
posed approach.

For the grid g=14, which corresponds to 8192 points,
only one extrapolation is performed because there is just
one grid above it, g=15, which is the most refined grid with
16,384 points. It is observed that the RRES method uses a
limited number of grids; however, the greater the availabil-
ity of grids, the greater the opportunities to reduce the error,
as evidenced in Fig. 13. Since the results follow the theoreti-
cal pattern of the RRE, as idealized in its construction, the
effective order also shows significant growth, reaching p,
= 34 at g=14, demonstrating the good performance of the
method.

Table 2 shows the results of some simulations for RRES-
I on three intermediate grids with 1281, 2561, and 5121
points. It was expected that RRES-I would yield results sim-
ilar to RRES; however, for non-uniform grids, the values
of the £;-norm indicate that the discretization error affects
the calculations of pj, as in the previous case, resulting in
values that cannot be considered. In the case of non-unifor-
mity, where the £;-norm on the finest grid reached a value of
4.43x 10715, the effective order remained stable at p, = 4,
not following the same pattern as RRES.
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Fig. 13 RRES - SubGrid effect in
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Table 2 Results of RRES-I on intermediate grids for uniform and non-
uniform cases

Grid Uniform Non-uniform
{;-norm Pg £;-norm Pg
1281 1.38E—28 1.27E+01 1.1334E—12 4
2561 1.92E-31 9.49E+00 7.0882E— 14 4
5121 8.40E —31 —2.13E+00 4.4319E—15 4

It is important to note that for both cases, the set of inter-
polated points S corresponds to the finest grid in the uniform
case, with 16,384 points. Therefore, RRES-I, similar to the

previous case, showed inferior performance on non-uniform
grids when compared to the other techniques used.

4.3 2D Burgers equations

In the 2D Burgers equations, Egs. (13), uniform grids are
considered, as shown in Fig. 1a of Sect. 2. The numerical
solutions used to perform the extrapolations were obtained
using the geometric multigrid method [5], which employs a
hierarchy of grids, where the coarsest grid used was 5x 5,

Fig. 14 2D Burgers, RES and )1 el w2 3 A mes 3
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and the finest grid was 2049 x 2049 points in each coordi-
nate direction.

Figure 14 presents the results of the simulations for the
{;-norm and the effective order p of the £,-norm, obtained
with the RES and CRE-I methods for the velocities u and v.
Each curve represents a level of extrapolation, where m=0
is the non- extrapolated numerical solution. The abrupt
reductions observed in the p, curves and the inflections
in the £;-norm curves result from round-off errors in the
numerical solutions, as the concept of pj is valid for the
discretization error.

As seen in Fig. 14a and c, for CRE-I, the error is signifi-
cantly reduced only for m=1 and m=2; for m from 3 to 5,
it remains at the same error level as for m=3 for the same
h. In the case of RES, the error is significantly reduced for
all values of m from 1 to 5. Comparing the two methods,
it is observed that for the same value of 4 and any m, RES
exhibits lower error, making it more efficient than CRE-I in
reducing the discretization error.

In terms of order of accuracy, as shown in Fig. 14b and
d, both methods tend to 4 for m=1 and to 6 for any m>2.
In [8], py = 4 was found for the 2D Poisson equations, 1D
advection-diffusion, 2D Laplace, and 2D Burgers in the
velocity variable u.
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Figure 15 presents the £;-norm and py of the RRES
method for the 2D Burgers equations in the velocities # and
v, for 9 grids, as illustrated in the scheme shown in Fig. 5.
In each curve, the first point on the right corresponds to the
numerical solution for the chosen grid, without extrapola-
tion, m=0, while the second point on the same curve rep-
resents the solution with m=1, and so on, until the lowest
point on the curve, which indicates the maximum number
of extrapolations, according to the proposed approach.
For the grid g=9, corresponding to 1025x1025 points,
only one extrapolation is performed since there is only one
finer grid available, g=10, which is the most refined grid
with 2049 %2049 points. It is important to note that in the
RRES method, the greater the number of available grids,
the greater the opportunities for error reduction, as can be
observed in Fig. 15a and c.

The results show a significant reduction in the ¢;-norm,
as well as an increase in the effective order, pj, as seen in
Fig. 15b and d, which correspond to the expected theoretical
result when using the RRES method. It is also observed that
the performance is superior on coarser grids, as well as py
values that are affected by round-off errors.

For the velocity u, the £,-norm was reduced to 8.61 x 10~ '8
at g=4 and m=6. On grids g<7, the calculations were
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Fig. 16 Navier-Stokes equations,
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affected by round-off errors. For the velocity v, similar qual-
itative results are observed. The increase in the effective
order values with m demonstrates the excellent performance
of the RRES method.

Compared to the results before applying any post-pro-
cessing method, when p,=2, it can be stated that the RRES
method achieved an improvement of up to 9 orders on refined
grids. It is observed that the p; values increase with grid
refinement. Therefore, in simulations with a greater avail-
ability of grids, it is expected that an even more significant

error reduction and an additional increase in order of accu-
racy will occur.

4.4 Navier-Stokes equations

The numerical solutions of the Navier—Stokes equations,
Eq. (7), were obtained on uniform grids using the geomet-
ric multigrid method, with 5 x5 points on the coarsest grid
and 1025 %1025 on the finest one. Figure 16 illustrates the
results of the RES and CRE-I methods for the streamfunc-
tion y and vorticity @ variables. Each curve represents an
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Table 3 Orders of accuracy, pj, achieved by different methods for vari-
ous equations

Equations RES CRE-I RRES RRES-I FRE
2D Poisson

Uniform 6 6 4
Non-Uniform 5 4

1D Burgers

Uniform 12 8 34 13 4
Non-Uniform 12 4 4 4

2D Burgers 6 6 20 4
2D Navier-Stokes

Streamfunction 8 8

Vorticity 6

Velocity 7 3

extrapolation level for a given grid spacing 4, where m=0
indicates the numerical solution without extrapolation.

As seen in Fig. 16a and c, for CRE-I, the error is signifi-
cantly reduced only for m from 1 to 3; for m=4 and m=5,
it remains at nearly the same level as for m=3 at the same
h. In the case of RES, the error is significantly reduced for
all values of m from 1 to 5. Comparing the two methods, it
is observed that, for the same 4 and any m, RES exhibits a
lower error, making it more efficient than CRE-I in reducing
discretization error.

In terms of order of accuracy, as shown in Fig. 16b, both
methods tend to 4 and 6 for m=1 and m=2, respectively,
and to 8 for any m>3. In the case of Fig. 16d, both methods
tend to 4 for m=1, and to 6 for any m>2.

Figures 17 present the ¢;-norm and p; curves obtained
with the RES and CRE-I methods for the velocity u of the
Navier—Stokes equations, Eq. (9). In Fig. 17a, it can be
observed that the CRE-I method reduces the error only for
m=1; for m=2 to 4, the error levels are equivalent to those
of m=1. However, in the case of the RES method, the error
decreases at each additional level of m, resulting in RES
having a lower error than CRE-I for the same m and 4.

In terms of order of accuracy, as shown in Fig. 17b, the
CRE-I method maintains an order of 3 for any m (1 <m<4).
In contrast, the RES method achieves orders of 4, 6, and 7
for m=1 to 3, respectively, and for m=4 and 5, the order
remains at 7.

It is emphasized that u is approximated during post-pro-
cessing and only on the finest grid of each V-cycle of the
multigrid method during the iterative process. The results
for the velocity v are qualitatively similar. Erturk et al. [7]
achieved p = 6 for the Navier—Stokes equations in the same
formulation using the RRE method.

These behaviors can be explained by the numerical struc-
ture of the extrapolation methods. In RES, the extrapolated
values from the finer grid replace the corresponding values
on the coarser grid at coincident points, suppressing local
truncation errors before they propagate through the domain.
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In contrast, CRE-I requires interpolation at non-coincident
nodes, which may introduce additional local errors, while
FRE applies global corrections that do not preserve local
consistency. Because these mechanisms operate solely on
the discretization error structure, the qualitative behavior is
similar for all tested models (Poisson, Burgers and Navier—
Stokes), regardless of their physical characteristics.

5 Conclusion

In this article, the application of Richardson Extrapola-
tion (RE) with SubGrid (RES), as well as methods such as
CRE-IL, RRES, and FRE, in numerical solutions of partial
differential equations was investigated. The equations were
discretized using the second-order accurate central differ-
ence scheme (CDS-2). Uniform, non-uniform, and direc-
tionally uniform grids were analyzed. The main objective
was to improve the accuracy of numerical solutions, evalu-
ated through the effective order of error measured using the
£,-norm. The expected accuracy, p,=2, of numerical solu-
tions without extrapolation (#0) was confirmed in all ana-
lyzed cases.

The conclusions presented here assume: (i) uniformly
refined grids with a refinement ratio »=2, which ensures
consistent comparison among grid levels; (ii)) numeri-
cal solutions that exhibit regular convergence behavior,
enabling the use of Richardson extrapolation; and (iii) that
the extrapolation acts primarily3 on the discretization error
structure, being largely independent of the physical nature
of the governing equations.

The superior performance of the RES method compared
to CRE-I and FRE is mainly associated with its local strat-
egy for transferring extrapolated values between coinci-
dent nodes, which suppresses truncation errors before they
propagate through the computational field. CRE-I relies on
interpolation at non-coincident points, which may introduce
additional numerical noise, while FRE applies global cor-
rections that do not ensure local consistency. These differ-
ences explain the consistent advantage of RES across all
analyzed models.

Table 3 summarizes the highest orders of accuracy
obtained in this study with the grids, mathematical models,
and methods used to reduce discretization error. It shows
that the use of RE and RRE with SubGrid, i.e., the RES
and RRES methods, is efficient in reducing discretization
error across various types of problems, for both uniform and
non-uniform grids. Moreover, these techniques are simple
to implement and use.

Although all test cases in this study admit analytical
solutions, the RES and RRES methods are also suitable for
industrial CFD problems in which analytical solutions are
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not available, such as turbulence, multiphase flows, and
nonlinear transport phenomena. Recent studies involving
complex multiphysics models, such as radiative magnetohy-
drodynamic nanofluid flows [3] and nonlinear reaction—dif-
fusion systems [34], highlight scenarios where discretization
errors significantly impact solution quality and where post-
processing strategies like RES may offer substantial gains
in accuracy. In the absence of a reference field, a promis-
ing direction is the combination of RES with numerical or
machine-learning error estimators to guide the extrapolation
process. Future developments will also explore extensions
to three-dimensional unstructured grids, non-homogeneous
boundary conditions, and the coupling of RES with higher-
order finite volume or finite element formulations, aiming at
improving accuracy in real-world CFD applications.
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