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Abstract

An algebraic turbulence model for two- and
&hree«dimnnsicnal sepatated flows is specified that -
avoids the necessity fer finding the edge of the
poundary layer. Properties of the model are deter-
mined and comparisons made with experiment for an |
incident shock on a flat plate, separated flow over
a__cw_mer. and transonic flow over an
airfoil. Separation and reattachment points from
numerical Navier-Stokes solutions agree with experi-
ment within one boundarv-layer thickness. Use of
law-of-the-wall boundary conditions does not alter
the predictions significantly. Applications of the
model to other cases are contained in companion
papers.
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Nomenclature for Figures

a_, specd of sound in free stream
c chord length of airfeil
C; skin-friction coefficient 21, /0,ul

€ pressure coefficient 2(p - pu}/c,ui

maximum of functien F(y) (Eq. (8))
M free-stream Mach number

Py pressure at the wall

Pt total pressure in free stream

Pw pressure in free stream
Re Reynolds number based on chord o_u_c/u_

Re, Reynolds number based on distance from leading

edge pou_x/u,

Reg momentum thickness Reynclds number o_u_8/u_
Reéo Reynolds number based on boundary-layer thick-
ness ahead of interaction p_u d /u,

u velocity parallel to solid surface
U velocity at edge of boundary layer
u, friction velocity J?:?;:

u, free-stream velocity

y coordinate normal to solid surface
y* law-of-the-wall coordinate puu‘yluv

-
Yy value of y+ at cozputation point closest to
wall
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v value of y at which F(y) (Eq. (8)) is
" MAX
maximum
a angle of attack of airfoil
§ boundary-layer thickness
8§, boundary-layer thickness ahead of shock
interaction
5" kinematic displacement thickness \
6 .
Lo - wlug)ay
tum thickn J.Ginu(l - u/u) /o u_ ld
8 momentum ckness 3 e) /Pgug ldy
T local shear stress
: X8 shear stress at the wall
1

1. Introduction

There is a practical need in aeronautics as
well as in other flelds for the capability of calcu-
lating compressible turbulent separated flows.
Although progress may have been made toward develop-
ing a universal (multiequatfon) turbulence model for
use in such calculations, that goal has not yet been
achieved (see e.g., Ref. 1 and references therein).
On the other hand, with current numerical methods
and available computers, investigators appear to be
capable of analyzing quite general three-dimensional
separated flows, if a suitable turbulence model were
in existence. Completely satisfactory methods for
treating turbulence may not be available in the near
future. In the meantime it seems wvorthwhile to
continue the development of procedures for calculat-
ing complicated flows based on simple empirical
turbulence models.

The objective of this paper is to present
results from an algebraic turbulence model developed
for use in two- and three-dimensional Navier-Stokes
machine codes. This =odel was used by Steger? to
compute the flow over a biconvex airfoll, including
a case In which buffeting sccurred. It has also
been used in preliminary three-dimensional calcula-
tions. In the present paper, properties of the
solutions are investigated for an incident shock on
a flat plate boundary layer, separated flow over a
compression corner, and transonic flow over an
airfoll.

2. Method

The basic equations for the numerical solutionms
under consideration are the Navier-Stokes equations.
The effects of turbulence are simulated in terms of
an eddy viscosity coefficient wug. Thus, in stress
terms of the laminar Navier-Stokes equations, the
molecular coefficient of viscosity u is replaced
by u + ug. In heat flux terms k/cp = u/py 1s
replaced by w/pp + ui/pry- ¥

.



Algebraic Turbulence Model

The algebraic turbulence model prugosed in this
paper is patterned after that of Cebeci’ with modi-
fications that avoid the necessity for (inding the

edge of the boundary layer. 1t is a two-layer alge-
braic eddy viscosity model in which wu, s given by

("tjlnner Ycrossover
. B = (1)
: (ut)outer Yerossover < Y
where y 1{s the normal distance from the wall and
Yeros Is the smallest value of y at which
values from the inner and outer formulas are equal.

The Prandtl-Van Driest formulation is used in
the inner region

) s ™ pt?|w| (2)
vhere ”
t = ky[l - exp(-y*/at)] (3)

im| is the magnitude of the vorticity

b4 2 z
L YRl v v _ 2w dw _ 3u
l"" %}y 3::) o (az i ay) * (Bx 32) ()

and

yt e —— = — (5)

The rationale behind the choice of the follow-
ing relations will be discussed in later sections.
In place of the Clauser formulation for the outer
region

(v)) = KC

b, (¥) (6)

cr® Fusxe kLEB

where K 1s the Clauser constant, Cep
ticnal constant, and

is an addi-

- YaxFrax
2 - or

WAKE the smaller (7

2
G Ymax i’ rax

The quantities
the function

Yuax @3nd Fypy 2are determined from

F(y) = ylu|[1 - exp(-y*/a*)) (8)

In wakes, the exponential term of Eq. (B) is set
equal to zero. The quantity Fyax 1s the maximum
value of F(y) that occurs in a profile and YMAX
is the value of y at which it occurs. The
function Fyy 3{(7) 1s the Klebanoff intermittency
factor given by

c y\6] ~?
KLEB’
'KLEB(’) = |1+ 5.5 (—3;—*‘—) (9)
MAX

The quantity Uprr 1is the difference between maxi-
mum and minioum total velocity in the profile (2.8,
at a fixed x station)

(10)

v - (rui+v2+u})mx - (-’u2+\rz+u’)mn

DIF

The second term in is taken to be zero

(except in wakes).

Up1F

The outer formulation (Eqs. (6) and (7)) can be
used in wakes as well as in attached and separated
boundary layers. The product ymaxFmax replaces

6'ue in the Clauser formulation and the combination
viaxUP1p/Fuax Teplaces 8lUprp 1in a wake formula-
tion. In effect, the distribution of vorticity is

used to determine length scales so that the neces-
sity for finding the outer edge of the boundary
layer (or wake) is removed.

The effect of transition to turbulence can he!
simulated by setting up equal to zero everywhere
in a profile for which the maximum tencatively com-
puted value of u, from the foregoing relations is
less than a specified value, that is,

(11)

P I (ut)ﬂ’M = CHUTH"'

profile

The constants appearing in the foregoing rela-
tions have been determined by requiring agreement
with the Cebeci? formulation for constant pressure
boundary layers at transonic speeds. The values
determined are

A+ =26

Cop = 1.6
O™ 23
Gy = 0.25

K = 0.4

K = 0.0168

Thin-Layer Approximation

The classical boundary-layer approximation is
derived from the Navier-Stckes equations by retain-
ing the lowest order terms in an expansion in
inverse powers of Reynclds number. This formal pro-
cedure leads to (1) neglect of diffusion processes
parallel to a body surface, and (2) replacement of
the momentum equation normal to the surface with the
assumption of zero normal pressure gradient through-
out the boundary layer. The thin-layer approxima-
tion, on the other hand, neglects the diffusion
processes parallel to a body surface but retains all
three of the momentum equations and makes no assump-
tions about the pressure. One advantage of retain-
ing the normal momentum equation comes about in
applications to high Reynolds number, separated tur-
bulent flows. 1Its use removes the troublesome
singularities at the separation points and permits
the straightfervard computation of separated and
reverse flow reglons.

The development of the thin-layer approxima-
tion evolves directly from a realistic assessment



;} what is really being computed in a typical high
Reynolds number Navier-Stokes simulation. The layer
of turbulent flow near the vorticity generating sur-
face is so thin that typically a large amount of
computer storage capacity is used in a highly
stretched mesh to resolve the normal gradiemts of
the flow there. As a result, in most, i{f not all,
Navier-Stokes solutions of high Reynolds number tur-
bulent flows that have been reported to date, the
diffusion terms involving derivatives parallel to
the surface simply have not been resolved® (even
though an attempt may have been made to compute
them) because of the lack of computer capacity.
Stated in another way, most, i{f not all, Navier-
Stokes solutions that make use of a highly stretched
mesh near the body surface contain the thin-layer
approximation whether or not they are coded to take
advantage of it. The principal differences in the
various codes lie in the way they model the removal
of energy from the large-scale, computable structure,
and the details of their approximation to the energy
cascade in the body-normal direction.

The equations to be solved in a thin-layer
approximation are based on time-averaged or subgrid
scale models of the Navier-Stokes equations, but
they are considerably less complicated than those
based on approximations that attempt to use gradients
parallel to the body surface to model turbulent and
viscous diffusion in those directions. The simpli-
fications in concept and numerical algorith=a moti-
vate the straightforvard insertion of the approxima-
tion into computer codes for high Reynolds number
flows. All solutions presented in this repert are
based on a thin-layer medel, and all have been com-
puted using the code develcped by Steger.2 In the
calculations, the values of y+ (Eq. (5)) at points
nearest the wall were less than 2.0. Inform=ation on
the numbers of mesh points and computation times is
given in Table 1.

3. Results

Flat Plate Boundary Laver

To help establish the validity of the =method,
Steger's? Navier-Stokes code was used to compute the
boundary layer on a flat plate. 1In Fig. 1 the cal-
culated skin friction is compared with the Hopkins-
Tnouye> correlation at Mach numbers of 1.5 and 2.85.
With the constant CpyrM = 14 1in Eq. (11) the fore-
Boing turbulence model predicts transition from
laminar to turbulent flow (as indicated by the rise
in skin friction) at a Reynolds number based on dis-
tance from the leading edge of about 300,000. In
Fig. 2 the calculated momentum thickness Reynolds
number is compared with resalts from the Hopkins-
Inouye correlation. The comparisons in Figs. 1
and 2 i{ndicate that the algebraic turbulence model

Table 1 Mesh points
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Fig. 2 Comparlson of calculated momentum thickness

on a flat plate with Hopkins-Inouye correlation.

of this paper produces values of skin friction and

velocity profile shapes in reasonable agreement with_
experiment for equilibrium boundary layers.

Shock-Wave Incident on Flat Plate Boundary Laver

In Fig. 3 calculated surface pressure and skin
friction are compared with the measurements of Reda
and Murphy® for the interaction of a shock wave with
the turbulent boundary laver on a flat plate.
According to Rose’ additional measurements for this
flow are being made to determine the extent to which
three-dimensional and unsteady effects influence the
measurements. Because of the possible existence of
such effects, {t i{s not known how important the
modifications of the turbulence models, which have

and computation times

Nunbet of Computation

Number of ciwe athie ¢ time ona Code

mesh points 5 S5 oD 7600, version
convergence
sec

Shock-wave incident on flat plate 64 » 36 1800 1980 Jan. 1977
-——> Flow over compression corner -\/'-i?oo 1980 Jan. 1977
Transonic airfoils 77 x 36 5200 6900 Jan. 1977
77 = 36 1000 1400 July 1977
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Fig. 3

Shock wave on flat plate boundary layer.

been considered® !! to accommodate these data, may
be. In any case, the present predictions of the
positions of separation and reattachment are within
about one boundary-layer thickness of the
measurements.

A word of explanation is in order about the
fact that the present turbulence model predicts sepa-
ration ahead of the experimental separation point,
vhereas previous calculations based on the Cebect
model predict separation much farther aft. Near the
separation point, the function F(y) (Egq. (B))
develops a double peak and the inner peak is
slightly larger. The inner peak occurs at a rela-
tively small value of Yuax Such that Fyayxp
(Eq. (7)) is small and the calculated eddy viscosity
is suppressed, causing the predicted separation
point to move forward.

Because some investigators recommend the use of
law-of-the-wvall boundary conditions, a calculation
of that kind was carried out with the points closest
to the wall at a distance corresponding to y; = a0
(Eq. (5)). The flow equations vere solved analyti-
cally in the interval 0 T y < y, for an adiabatic
wall (with the conditions apfay =0 and ¥ = 7,
imposed) to obtain an expression for 1y 1in the
terms of the values of the flow quantities at
s Sl 0 Slip values of velocity and internal energy
were then imposed at the wall such that the analyti-
cally determined value of 1, and the adiabatic
wall condition would result from the finite differ-
ence solution. In this procedure the expression for
Ty 1s implicit and involves a universal quadrature

that depends on the turbulence model. Predictions
from the resulting solution are included as dotted
lines in Fig. 3. The calculated pressure distribu-
tion is not significantly altered by this approxima-
tion, but the predicted skin friction is noticeably
affected. The difference is probably due to failure
of the law-of-the-wall approximation L T and
would increase with larger values of y,.

Separated Flow over a Comyression Cornmer

In Fig. & calculated surface pressure and skin
friction are compared with measurements of Settles,
Vas, and Bogdonoff!? for a 24° compression corner.
As in the previous case a double peak develops in
F(y) (Eq. (8)) near separation resulting in a calcu-
lated separation point that is farther forward thén
is predicted by the Cebeci or Ames baseline model! =
(shown as a dotted line). The calculated region of
reversed flow is too large and the predicted !
reattachment peint differs by somewhat more than one |
boundary-layer thickness from the experiment. Judg-
ing from the effect of law-of-the-wall boundary con-
ditions in the previous problem (Fig. 3), use of
these conditions would perhaps enhance the compari-
son with experiment in this problem, although the J
calculation has not been carried out as yet. \///
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Fig. & Separated flow over a compression corner.



Transonic Airfoils

Figures 5-9 show details in the turbulent
layers according to preliminary calculations of the
flow over the Garabedian-Korn airfoil.!3 Figure 5
illustrates the reason for our use of yuaxFpax 1n
the present algebraic eddy viscosity model in the
place of é*ue. which is used in the Clauser and
Cebeci formulations. The lower plot in Fig. 5 shows
a velocity profile ut = u/u_ versus yt (Eq. (5))
at a station near the nose of the airfoil. The edge
b5f the boundary layer is at y* ~ 500. The middle
plot shows the values of the product 6*ue that
“would be obtained from this profile i{f the edge of
the boundary layer were taken to be at an arbitrary
value of y (corresponding to st in the scale at
the bottom) rather than at the actual edge of the
boundary layer. This shows the inaccuracies that
can occur in the evaluation of eddy viscosity
according to the Clauser formulation if the edge of
the boundary layer is not accurately determined. In
a machine code it i1s difficult to automate the
determination of”the edge of the boundary layer with
precision, especially when sporadic values of veloc-
ity are computed due to the discretization. In
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Fig. 5 Profiles near leading edge of Garabedian-
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Fig. 6 Profiles near trailing edge of Garabedian-
Korn airfoil.

contrast, the determination of Fysx and YMAX from
the function F(y) shown in the upper plot of Fig. 5
is much easier to automate because there is a well-

defined maximum. In Fig. 5 the edge of the boundary
layer corresponds closely to the peak in the middle

plot, but this is not a good criterion for defining

4, as will be seen in Fig. 6.

Figure 6 contains the same kind of plots at a
station near the trailing =dge on the lower surface.
In this case the edge of the boundary layer i{s at
y* ~ 30,000. Again widely different values of &%u,
(middle plot) can be obtained if the edge of the
boundary layer is incorrectly determined, whereas
the maximum of F(y) in the top plot is relatively
well defined.

Figure 7 contains the same kind of plots at a
station near the trailing o«dge on the upper surface
where the flow i{s separated, as indicated by the
negative values of u' in the lower plot. Another
criterion that has been used for defining the edge
of the boundary layer is based on the approach
toward zero of the slope of the u versus y
curve. However, spurious peaking of the u versus
y curve outside the boundary layer due to discre-
tization often invalidates this criterion. Also, in
time-dependent calculations pesking can occur well
inside the edge of the boundary layer.

It wvas found worthwhile to use a three-point
quadratic fit in the deternmination of Yy,y and
Fpaxy from the functien Fly) (see Figs. 5-7 and
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Fig. 9 Turbulence velocity and length scales on
airfoil at angle of attack.

Eq. (8)). This procedure leads to smoother varia-
tions of Yy,x and Fy,y from one preofile to the
next than are obtained when the discretized peaks of
F(v) are used directly.

In Figs. 8 and 9 the variations of yy,x and
Fuysx along the upper surface are shown for the
Garabedian-Korn airfoil at angles of attack of zero
and 2.66°, respectively. There is a small amount of
scatter of the calculated values about a mean line
faired through the points. Our previous experience
indicates that calculated values of é*uc show much
greater scatter so that smoothing over adjacent
values of x 1s necessary as well as the imposition
of arbirrary restrictions on the amount by which &*
is allowed to vary from point-to-point. Thus, much
of the arbitrariness in the calculated values of
eddy viscosity in the outer part of the boundary
layer is removed by adoption of the present turbu-
lence model in place of that of Cebeci.? Figure 10
shows values of ypyuyx and Fyux ©n a biconvex
airfoil.

In the foregoing treatment of transonic air-
foils, transition was n>t included in the calcula-
tions (Cpyypy = 0 iIn Eq. (11)). Figure 11 contains
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Fig. 10 Turbulence velocity and length scales on
circulzr arc airfoil.
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Fig. 11 Pressure and skin-friction distributions on
Garabedian-Korn airfoil.

plots of pressure and skin-friction coefficients
from calculations in which transition was considered
with Cyypy = 14. In the lower plot the abrupt rise
in C¢ near x/c = 0.1 indicates that for this
value of Cyyyy transition is predicted te occur
near the points where the negative Cp curves reach
peaks on both upper and lower surfaces.

Uncertainties in Mach number and angle-of-
attack correlations in the experiment hamper compari-
sons with the calculations. The experimental pres-
sure distributions over a range of Mach numhers and
angles of attack indicate the presence of a shock
wave, on the upper surface nears x/c = 0.3, that is
not found in the calculation. Refinement of the
mesh spacing in the x direction near the position
of the shock is probably needed in the calculation.
Although additional calculatiens are needed for
worthwhile comparisons with the expgrimental pres-
sure distributions, Fig. 11 is included in this
paper to illustrate the properties of the turbulence
model. The experimental drag coefficient is 0.0120
over a range of Mach numbers and angles of attack
near zero and is 0.0091 from the calculation. The
computed lift coefficient is 0.533; the coefficient
that Kacprzynski et al.l3 believe corresponds to
Se;g angle of attack at a Mach number of 0.739 is

4. Conclusions

An algebraic eddy viscosity turbulence model
has been developed that has several worthwhile
properties. Its use eliminates the need for finding
the edge of the boundary layer and thus removes one
of the sources of arbitrariness and potential error
that was present in previous Navier-Stokes solutions
of separated turbulent flows based on zero or one-
equation turbulence models. (The present method for
defining length scales could also be used in one-
equation models.) Comparisons with measurements
from two experiments show agreement in FEF_PEEEEET
“tion of separation and reattachment points within
“about one boundary-layer thickness, as well as rea-
sonable levels of skin friction aft of reattachmgnt.
Preliminary calculations of the flow over an airfoil
indicate that the model is capable of dealing with
relatively large shock-induced and trailing-edge
separations. Comparisons with additional experi-
ments and established knowledge of turbulent bound-
ary layers are needed. These may indicate a need
for variation with Reynolds number and Mach number
of the values of the parameters that have been
determined. The extent 1o which the thin-layer
approximation is applicatle in the presence of large
shock-induced separation: over airfoils needs
further investigation. ¢#pplications to three-
dimensional flows are being pursued. Use of the
thin-layer approximation facilitates such applica-
tions. Possible use of law-of-the-wall boundary
conditions to avoid resolution of the viscous sub-
layer should also be investigated to further sim-
plify the three-dimensioral calculations.
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