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Renormalization Group Analysis of Turbulence.
I. Basic Theory
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We develop the dynamic renormalization group (RNG) method for
hydrodynamic turbulence. This procedure, which uses dynamic scaling and
invariance together with iterated perturbation methods, allows us to evaluate
transport coefficients and transport equations for the large-scale (slow) modes.
The RNG theory, which does not include any experimentally adjustable
parameters, gives the following numerical values for important constants of tur-
bulent flows: Kolmogorov constant for the inertial-range spectrum Cg = 1.617;
turbulent Prandt! number for high-Reynolds-number heat transfer P,=0.7179;
Batchelor constant Ba=1.161; and skewness factor §,=0.4878. A differential
K-¢ model is derived, which, in the high-Reynolds-number regions of the flow,
gives the algebraic relation v=0.0837K%/, decay of isotropic turbulence as
K=0(:7"3*7), and the von Karman constant x = 0.372. A differential transport
model, based on differential relations between K, £ and v, is derived that is not
divergent when K — 0 and ¢ is finite. This latter model is particularly useful near
walls.

KEY WORDS: Renormalization group; turbulence theory; inertial range; tur-
bulence transport; Reynolds number; large-eddy simulation; computational fluid
dynamics.

1. INTRODUCTION

Turbulent flows occur in many circumstances, differing by geometry, driv-
ing mechanisms, and the physicochemical processes that take place within
them. Perhaps the most distinguishing characteristic of high-Reynolds-
number turbulent flows is their large range of excited space and time scales.
It is well known (e.g., Landau and Lifshitz, 1982) that, in homogeneous
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turbulence, dissipation-scale eddies are of order R** times smaller than the
energy-containing eddies, where R is a (microscale) Reynolds number. In
order to solve the Navier-Stokes equations accurately for such a turbulent
flow, it is necessary to retain order (R**)* spatial degrees of freedom. Also,
since the time scale of significant evolution of turbulent flow is of the order
of the turnover time of the energy-containing eddies, it is necessary to per-
form R** time steps to calculate a significant time evolution of the flow.
Even if these calculations require only O(1) arithmetic operations per time
step, the requirement for computer storage would be O(R**) and for com-
putational work O(R?). In this case, even a mere doubling of the Reynolds
number would require an order-of-magnitude improvement of computer
capability. With this kind of operation and storage count, it is not likely
that foreseeable advances in computers will allow the full simulation of tur-
bulent flows at Reynolds numbers much larger than R= 0(100-1000)
already achieved.

The second distinguishing characteristic of turbulence is the
approximate universality of the properties of scales much smaller than the
integral scale L in the flow. High-Reynolds-number turbulent flow is
characterized by three different ranges of spatial scales:

1. For wavenumbers k= O(n/L) the energy spectrum is strongly
anisotropic and is not universal. The integral scale L reflects both
the geometry of the flow and the physicochemical processes taking
place on these scales.

2. At much smaller scales, with wavenumbers satisfying
n/L <k <k;=R¥L™, the velocity fluctuation spectrum E(k) is
nearly universal and is approximately given by the Kolmogorov
energy spectrum:

E(k)=Cy &k =" (1.1)

with the Kolmogorov constant Cg = 1.3 — 2.3. Here ¢ is the rate of
energy dissipation per unit volume in the flow.

3. In the dissipation range, k > O(k,), the energy spectrum decreases
exponentially with k.

The existence of the universal inertial range characterized by the
Kolmogorov law (1.1) has been checked experimentally for a large variety
of turbuient flows. The Kolmogorov law has been confirmed experimen-
tally in fluid and gas shear flows, in atmospheric boundary layers and in
the ocean, in hydromagnetic and bouyancy-influenced flows, in jets, and in
turbulence behind a grid (e.g., Monin and Yaglom, 1975}
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The universality of the small scales can be formulated dynamically as
follows. Fluid motions are governed by the Navier-Stokes equation

@—F(v-V)v: —le+v0V2v (1.2)
ot 0

V-v=0 (1.3)

and are subject to initial and boundary conditions. Here v(x, t) is the fluid
velocity, p is the density, p is the pressure, and v, is the molecular
kinematic viscosity. The inertial-range spectrum (1.1) does not depend
directly on geometry or boundary conditions; geometry and boundary con-
ditions do affect the structure of large scales as well as the value of ¢ that
appears in (1.1). Boundary conditions can be considered from the view-
point of small scales as a source of energy injected into the large scales,
which subsequently cascade to the small scales. Using the analogy with
equilibrium statistical mechanics, in which small-scale fluctuations are
independent of the details of the interaction of the system with a heat bath,
we propose to replace (1.2) by the more general, but equivalent, equation

éy+(v-V)v=f—le+v0Vzv (1.4)
ot I

where f 1s a random force (noise) chosen to generate the velocity field
described by the spectrum (1.1) in the limit of large wavenumber k.

It is important to emphasize that no initial and boundary conditions
are needed in (1.4), since the fluid described by (1.4) is stirred by the force f
so that a statistically steady state with v#0 can be achieved. The relation
between the stirring force f and initial and boundary conditions will be dis-
cussed further below. Equation (1.4) is a model that is statistically
equivalent to the original Eq.(1.2) in the inertial range. This correspon-
dence principle is the basis for the RNG method discussed in this paper.

It is also known that Eq. (1.4) with the Gaussian random force defined
by the wavevector—frequency correlation

CLAR) f{R') > = 2Do(2m) " K2 Py () 6(k + &)
with
Do=voksT/p

and N
P,-j(k)zéij—k,-kj/kz; k=(k, w) (1.5)

describes both the static and dynamic properties of a fluid in thermal
equilibrium independently of details of the fluid history and conditions on
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its boundary (Landau and Lifshitz, 1982; Forster et al., 1977). Here d is the
dimension of space, ky is Boltzmann’s constant, and T is the temperature
of the fluid.

On this basis, we may postulate that Eqs. (1.3) and (1.4) with a
properly chosen random force provides a correct description of the small-
scale-motion of a wide class of turbulent flows. In the inertial range,
solutions to Eqgs. (1.3) and (1.4) are statistically equivalent to solutions to
the original Eqs. (1.2} and (1.3) with initial and/or boundary conditions.
Equation (1.4) can be viewed as a general model describing small-scale
properties of turbulent flow in the inertial range. This equation will be used
for the development of turbulence models using the renormalization group
method.

The present paper is organized as follows: The basic ideas of the
renormalization group method are described in Section 2 following Forster
et al. (1977). Modifications of this theory that enable us to evaluate the
Kolmogorov constant as Cy =~ 1.617 are also described in this section. In
Section 3, a subgrid-scale turbulence model is derived using the RNG
method. It is shown that this subgrid model is very close to the model used
by Deardorff (1970) in the high-Reynolds-number regions of turbulent
channel flow far from walls.

In Section 4, the RNG procedure is applied to the evolution of a
passive scalar in a turbulent flow. The results of this analysis include the
prediction of the turbulent Prandtl number P,=0.7179 and the Batchelor
constant Ba=1.161 [see (4.3)]. In Section 5, the RNG method is used to
derive turbulent transport approximations. The values of some basic con-
stants of turbulent flows are found, including the skewness factor
S§,=0.4878 and the von Karman constant x =0.372. The high-Reynolds-
number version of the RNG form of the K- transport model is also
derived in Section S. It is shown that v =0.0837K%/¢, where K and ¢ are the
turbulent kinetic energy and mean dissipation rate, respectively. This K-
model is very close to the algebraic two-equation K- models often used in
turbulence modeling. This model also leads to the energy decay law
K=0(:""%%) for homogeneous, isotropic turbulence. In Section 6, dif-
ferential transport models are derived that are based on differential
relations between K, &, and v. This model includes the important effects of
destructive interference between molecular and eddy viscosities.

The results of this work, which are summarized in Section 7, are in
good agreement with available experimental data. They give some hope
that the RNG method may provide a rational, yet workable, basis for tur-
bulence theory in a variety of circumstances. In following papers, we shall
present applications of these RNG-based turbulence closures.
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2. RENORMALIZATION GROUP ANALYSIS OF
FLUID DYNAMICS IN AN UNBOUNDED MEDIUM

2.1. Introductory Remarks and Basic Models

Renormalization group {RNG) methods were first developed in the
context of quantum field theory. Wilson (1971) applied RNG ideas to the
theory of critical phenomena and was able to solve the problem of the
universality of critical exponents and the Kondo problem (Wilson and
Kogut, 1974). In the mid-1970s, the theory of dynamic critical phenomena
was developed. This theory deals with universal features of dynamics in the
vicinity of the critical point (Hohenberg and Halperin, 1977). Dynamic
RNG methods developed by Ma and Mazenko (1975) have been used by
Forster et al. (1977) to investigate velocity fluctuations governed by the
Navier-Stokes equation driven by a Gaussian random force. Their ideas
have been developed by others (de Dominicis and Martin, 1979; Fournier
and Frisch, 1978, 1983; Yakhot, 1981) to deal with the problem of
hydrodynamic turbulence. In this section, we outline the basic ideas of the
RNG method. The RNG method will be used in later sections to derive
both turbulence transport equations for resolvable scales and subgrid
models for large-eddy numerical simulations of turbulence.

Consider the Navier—Stokes Egs. (1.4} for incompressible flow subject
to the random force f(x, 7). Here we consider a random force specified by
the two-point correlation:

Sk, ) Ak, ')y =2Dgk 7" (2r)* "' Pidk) 6(k + k') d(w + ') (2.1)

where the parameter y is an arbitrary number. As mentioned in Section 1,
the case y= —2 describes fluid in thermal equilibrium driven by thermal
noise. Since we are interested in studying strongly nonequilibrium flows, we
concentrate on the case y > —2.

We introduce the Fourier decomposition of the velocity fields with an
ultraviolet cutoff 4 =0(k,)

dk rdw . .
u,.(x,z)_fk@(zn)d 5. vk, @) exp(ikx —iwr) (2.2)

The space-time Fourier-transformed equation of motion (1.4) is
vi(k) = G°(k) f,(k)

dq
(2n)d+ 1

A - A
= Z26°K) Pip(k) [ 0,(4) v,k — ) (23)
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where
len(k) = km Pln(k) + knplm(k)

. (2.4)
Gk, w)=Gk)=[ —iw +vok*]™!
Here we have introduced the formal parameter 4, (=1) to facilitate the
perturbation solution of (2.3) given below. Introducing the ultraviolet
cutoff 4 in (2.2), we assume that the Fourier modes v(k) vanish when
k > A. This assumption is quite plausible, at least for the forcing (2.1) with
y >0, since the modes v(k) corresponding to wavenumbers k> O(k,) are
overdamped by the viscosity term in the equation of motion (2.3).

In principle, we can use the zeroth-order (1,=0) solution of (2.3},
v2(k) = G°(k) £(k) (2.5)

as the basis to construct the pertubation expansion of v in powers of 4,.
This problem has been solved formally by Wyld (1961) and Kraichnan
(1961), although the resulting series is too complex to give very useful
answers (see also Monin and Yaglom, 1975). However, it is less
problematic to answer the following question: How are the long-
wavelength modes v <(k) belonging to the interval 0 <k < Ae " affected by
the short-wavelength modes v> (k) from a narrow wavevector band near
the ultraviolet cutoff Ae "<k <A? This leads directly to the renor-
malization group method, which enables us, in some cases, to find the
infrared (k—0) asymptotics of correlations generated by the model

(2.1)-(2.3).

2.2. Elimination of Small Scales

Following Ma and Mazenko (1975) and Forster et al. (1977), the
RNG proeedure consists of two steps. First, we write Eq. (2.3) in terms of
the two components v~ and v= of the velocity v:

vi(k) = G°(/€>f1(/€>~”7°° G(R) Pin(k) | [v7(9) 07 (R =)

g
(27‘E)d+1

+ 207 (@) o7k —g) + v (@) vy (k= )] (26)
In order to eliminate modes from the interval de ™" < g < A, all terms v~ (§)
in (2.6) should be removed by repeated substitution of (2.3) for v~ back
into (2.6). This generates an infinite expansion for v= in powers of 4, in
which v~ does not formally appear.
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Second, averages are taken over the part of the random force f~
belonging to the strip Ae ™" < ¢ < A. This procedure formally eliminates the
modes de " < g < A from the problem. It can be shown readily that, after
removing the modes de "< g < A, the equation of motion for v= can be
written up to second order in 4, as

(—iw + vok?) o7 (k)

L il %G Gk —a) () > (k—a &
= fik) =52 Pyf) | G°(@) Gk =) £ 7 (@) [ (k—4) <2n;{’+‘
A A 4q
~ L2 Pyuk) [ 05 (@) 07 (k=) (27[)3“

& ’ O A2 (3O f _ 4
#4(52) 20200 [16°G) 6 —4)
di
+O0[(v=)*] (2.7)

X Pk —q) P, (q) g v 5 (k)

The second term on the right side of (2.7) is an induced random force,
denoted by Af,, with zero mean if the forces are assumed to be statistically
homogeneous.

Equation (2.7) is an approximation for v<(£) that is valid in the limit
k — 0. It should be noted that, in addition to the terms accounted for in
(2.7), the scale elimination procedure introduces terms like

4P, (k) [ G°(g) £7(@) v (k—q)

which we neglect, since they vanish after averaging over the force f~. Tt
should be emphasized that the mean square of such terms does not vanish,
but they go rapidly to zero when k& — 0. Another type of contribution
generated by the scale elimination procedure and which is not taken into
consideration in (2.7) is of the form

3300 Pypy(K) [ 05(0) 07 (k— )

where /7 is a “vertex” correction associated with the nonlinear term. It has
been shown by Forster et al. (1977) that Galilean invariance implies that
64'=0 in the limit k — 0.
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In this work our goal is to assess the effect of small (and fast) eddies
on the large (and slow) turbulent eddies. Thus, we are interested in the
asymptotic description of the modes v <(k, @) in the limit £ - 0 and v — 0.
On the basis of previous applications of the RNG method to other physical
systems, we may expect that the resulting analysis is still reasonably
accurate for finite k, w in the inertial range.

To begin the analysis of (2.7), let us evaluate the last term on the right
side:

2 2D > O7 2y(2 i o
Ri= 7 oy Punelk) [ 16%4) 6= )
x P, (k—q) P,,(q) g o7 (k)dg (2.8)

where the symbol |~ indicates integration over the band being removed
r dj=| dy [~ a0 (2.9)

where § = (g, Q). Performing the frequency integration gives

> Pnup(k —Q) Pmu(q)q_y72 dq
—iw +voq> +volk—q|’

2Dym
R,= —7~3W

szn(k)f oi(k)  (2.10)

We shall evaluate (2.10) in the limit @ — 0 and k — 0. Changing the
integration variable by replacing q - q + 3k gives

Rl— )Lg (Zn)d+l len(k)
> P,,0k—q) P (a+1k)|q+3k| " 2dq _ -
<(k) (11
XJ —iw +2v5¢° +vok?/2 vy (k) (211)

Neglecting terms that are O(k?) as k — 0 in the integrand on the right side
of (2.11) gives

_ AG2DonP (k)
- 2(2m)4* 2

x [ g g+ K 2 Tk P — 5K) = g, Pfa — 3K)]

X P, (q+ k)] v=(k) dg (2.12)
It is easy to check that, to O(k?),

Pnu(q_%k) Pmu(q+%k)’r‘v’Pmn(q)_F%kmqn—%qun (213)
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Noting that P, (k)= —P,,.(—k), we conclude that the O(k) terms on the
right side of (2.13) do not contribute to leading order in the integral (2.12).
Thus,

A3 Do P (k)

R = —
! 2v2(2r)¢

y+2kiq

< q-"*{k#P,,p(q)Pmﬂ(q)+q,,an(q) . q;]dqv:(lé) (2.14)

The angular integration in (2.14) is easily caried out using the well-
known relations

S
[ augs d'g =25,y [ 4+ dg (2.15)
and
( d Sy 5 5 N d+3
) qaqﬂq"yQO" d q :m (61/30\/(5 + 50(",'0/?0' + 50((50)'/f) J q dq (216)

where S,=2n“?/I'(d/2) is the area of a d-dimensional unit sphere. Using
{2.15) and (2.16), we obtain

PioK) ey 05(6) [ Py(@) Pryfa) g do

~Td-2 2 e —1
=k (k 2.17
vt )[ d +d(d+2)J : (247
where
e=4+y—d (2.18)
Also, we find
y+2 > ade ik (i
S Pnk) [ P (@) dy o ()
_ y+2 e -1 <
= Tddvy e Sk, (2.19)
Combining (2.17)-(2.19), the result is
2Dy S, d>—d—ee”—1
R— — 020 o4 ks (2.20)

viA® (2n)’ 2(d+2)d e
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This gives R~ —Av(k) k*v<(k), so the effect of this term is to modify the
viscous term on the left side of (2.7).

We conclude that, in the limit K >0, w — 0, the correction to the
viscosity is given by
A2Dg et rr—Ir—q

4 = .
¥(0) Adv%Aa o (2.21)
where
~ Sy ~ ld—d—e
A _—__A _— =—— :4 — .
d d(zﬂ)d, Ad 2 d(d+2) > £ +)’ d (222)

Thus, the viscosity resulting from the elimination of the modes v~ is

v 1+ A,72 . (2.23
=Yy by ——— .
r 0 arg 4+y__d )

where the dimensionless coupling constant 1, is defined by
ZO = AOD(I)/Z/VS/ZAE/Q (224)

Substituting this result into (2.7) gives the intermediate-state
Navier-Stokes equations (without rescaling)

o7 (k)= G (k) f,+ Af)

.2( . s ZA
_gawwmmjm@ﬁWV“@%ﬁ
4 O[c )] (2.25)

where the intermediate-scale Green’s function (propagator) is given by
G,=(—iw+v,k?)"

with v, given by (2.23). Equation (2.25) s defined on the domain
0 <k < e, unlike the original Navier—Stokes equation, which is defined
on the larger interval 0 <k < A.

2.3. Recursion Relations: Rescaling of the Variables

The next step of the RNG procedure, following Forster et al. (1977)
and Ma and Mazenko (1975), consists in rescaling the variables according
to

k' =ke": W' = we™"; vk, w)= &'k, w') (2.26)
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Thus, the new variable k' is defined on the same interval 0 <k’ < A as the
wavevector k in the original Navier-Stokes equation. In terms of the new
variables, given by (2.26), the intermediate Navier—Stokes equation is

i) = 6,8 £18) = 6 (k) P ()
x | vi(d") vk = (2.27)
n q m q (2n)d+ H
where
G, =[—iw+v(r)k')]"
(k) =1<(k)e*” & '(r) (2.28)
Mr)=Agé(r)e= b (2.29)
wr)=v,e "% (2.30)

The correlation function characterizing the force f'(k'), given by
expression (2.28), can be constructed readily using definition (2.1) and the
new set of variables (2.26):

Silk, w) fik, 0")) = 2D (2m) Tk "Pyk)o(k+k')o(w+w) (2.31)
with

Dy exp[3a(r)+ (d+ y)r]
62

D = (2.32)

Noting that the elimination of small scales does not influence D,, we
choose the function ¢ in such a way that D= D, at each step of the RNG
procedure:

£=exp Ba( d;yr:] (233)

The procedure described so far is formally exact in the limit r — 0. To
eliminate a f{intte band of k-space, one can iterate the above procedure by
eliminating step by step infinitesimally narrow wavenumber bands. The
coupling constants generated in this way depend on r and satisfy the
following differential recursion relations, which follow from (2.22)-(2.24),
(2.29), and (2.30):
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ﬂzv(r)[242+AdZZ] (2.34)
dr

dD

=0 2.35
p (2.35)
di 3 d—y

Here we define z by
do/dr =z

and the dimensionless expansion parameter 4 is defined in terms of A(r),
v(r), and D(r) as

2= 22D/v3A? (2.37)
The recursion relation for A can be derived readily from (2.34)-(2.36):
dAjdr =1 (e —3A4,4%) (2.38)

where e=4+ y—d.
Equation (2.38) implies that, if ¢ <0, the effective coupling constant
42— 0 when r —> 0. When ¢>0, 1 tends to a fixed point 1*:

Io7*=(34,)"  as ro o (2.39)

according to the formula
~ - 3 ~ —1/2
Mr)=Tge™" [1 + - AaAge =1 )] (240)

At the fixed point 1%, the viscosity v(r) becomes r-independent if
z=2-¢/3 (2.41)

Treating ¢ as a small parameter, the value of A should be evaluated in terms
of the ¢ expansion with the parameter 4, calculated to the lowest order in
e. The accuracy and basis of this ¢ expansion will be discussed below.

2.4. Energy Spectrum

The expression (2.33) fully determines the scaling (2.26). Homogeneity
relations can be constructed by demanding that the correlation functions
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computed from the original and reduced (renormalized) equations of

motion be the same for all k< de ™"

_ vk, o) v (k' ) )
Mk +k) o+ o)

_ 2ot (vike’, we*) v,(ke’, we*))
B dke"+k'e") d(we* + w'e*)

(2m) TV k, )

(2.42)

Noting (2.33) and that « = zr when z is constant gives the solution of (2.42)
as

Vilk, w)=0[k™ >~ V(w/k?)] (2.43)

The energy spectrum can be evaluated from (2.43) as

dw
_ d—1
E(k)=Trk J Vilk, @) 5
— O(k—:— 1 +d~_v): 0(k75/3+2/'3(d—,|a)) (244)

where we use expression (2.41) for z.

The asymptotic solution (2.44) has been derived from the theory that
takes into account only terms up to A% This is justified in terms of the ¢
expansion. A remaining problem is that the nonlinear terms generated by
the renormalization procedure have been neglected. This problem is
addressed next.

2.5, Irrelevant Nonlinear Terms

The typical nonlinear contribution in the Navier-Stokes equation after
the elimination of small scales is

07 (k)= NS+ u(r) GK) Pyy(K) [ P.,,0(0) G(G)

dq  dg

X0ia) 07— 40 i k= 4—0) G

where NS symbolizes the terms in the Navier-Stokes equation taken into
account in the RNG analysis given above. Performing the scale transfor-
mation (2.26), we find that

r) & po&le ™ 2T = e (4 (245)
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in the vicinity of the fixed point where relations (2.26)-(2.33) hold. It
follows from (2.45) that, when y<d, the proportionality coefficient u(r)
tends exponentially to zero when r — o0, so that the new nonlinear con-
tributions to the Navier—Stokes equation are irrelevant. This means in turn
that the solution (2.43) is asymptotically exact in the limit k£ — 0. On the
other hand, if y>d, the theory diverges in the limit k — 0, which is reflec-
ted in the growing importance of the nonlinearities generated by the
elimination of small scales (u— oo with r— o0). If y =4, it follows from
(2.44) that

E(k)y=O(k=?) (2.46)

The result (2.46) shows that the fluid driven by the random force (2.1)
with y =d generates velocity correlations described, in the limit & — 0, by
the Kolmogorov law (2.46). The only problem is that, as seen from (2.45),
the nonlinear terms generated by the procedure are marginal, ie., they
approach a finite nonzero value. This means that formula (2.46) is not an
exact solution of the problem in the limit &£ — 0, but is at the edge of the
region of convergence (y — d— ). One can hope that in this case the con-
tributions from nonlinear operators are not too large, although the
justification for this conclusion is weak. However, it is gratifying that the
nonlinear operators with y=d— do not grow to infinity, so one can hope
that they lead only to logarithmic corrections to (2.46), as in the theory of
critical phenomena.

2.6. Renormalized Equation of Motion

The RNG method has allowed us to develop the equation of motion
for the velocity field modes with & —0 averaged over the small scales
g> Ae™". The equation of motion at the fixed point is

QY—+(V<-V)V<=f/—le+vV2v< (2.47)
ot o

where v(r) is the solution of the recursion reltion (2.34). It follows from
(2.26) that, at the fixed point, the frequency scales as @ x k°. This implies,
in turn, that the viscosity becomes k-dependent (since z=2/3 when y=
d=23). Indeed,

w=0k"?)=v(k)k? (2.48)

so v=0(k~*?), which is a result well known from the theory of isotropic
turbulence.
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Note also that in the derivation of (2.47) we neglected the correction
to the random force whose correlation function is proportional to k. In
the limit & — 0 this force is negligible in comparison with original forcing
given by (2.1) with y< —2.

The major drawback of the RNG method in the formulation given
here is that it does not provide the proportionality coefficients needed for
simulations of real flows. Another problem with the method is that it deals
with a fluid stirred by a random force with a given coefficient D,. The
latter problem is a major drawback, since in real flows the intensity of
turbulent pulsations, which are proportional to D,, has to be determined
from the dynamics of the problem. In the next sections, we shall rework the
RNG method described above to resolve some of these problems and to
make the RNG technique suitable for the derivation of subgrid scale and
transport turbulence models.

2./7. RNG Evaluation of the Kolmogorov Constant

It has been shown above that the elimination of the modes v {4)
belonging to the band near the ultraviolet cutoff de " < g < A leads to the
following corrections to viscosity at long space-time scales:

2Dy e —1
Av(0)= 4 , 2070
v(0) ZR Y T (2.49)
where
~ Sy ~ l1d*—d—¢
4= A Ty 1S3 Prag  eTAty—d

and S,=2n%?/I'(d/2) is the area of the unit sphere in d dimensions. From
now on we consider only the case y=d—.

The elimination procedure described in the previous section is
accurate in the limit r - 0. We conclude that elimination of small scales
with de™" < g < A does not affect either the coupling constant 1, or the for-
cing amplitude D,. The constancy of D, under this renormalization holds
because, while the second term on the right side of Eq. (2.7) gives a zero-
mean (averaged over k”) Gaussiain random variable with correlation
function proportional to k?, this correction cannot be absorbed in the bare
force (2.1), whose correlation function is proportional to k=7 (y> —2).
Thus, D= D, and we must include a new random foce with correlation
function proportional to k* in the renormalized Navier-Stokes equations.
The fact that 1, is not renormalized is a consequence of Gaussian
invariance (Forster et al., 1977).

834171-2
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It is also possible to eliminate a finite band of modes de ™" <g< 4 by
iterating the above procedure of eliminating an infinitesimally narrow band
of modes but not performing the rescaling procedure (2.26). The goal of
this unscaled iteration procedure is to generate a renormalized viscosity
coefficient v=v(r) and coupling constant 1= A(r) while D(r)= D, and
A(r) = 4, still hold. While the elimination of an infinitesimal band of modes
is justified by the use of second-order perturbation solutions of the Navier—
Stokes equations { or by comparing with the results of applying Kraichnan’s
(1959) direct-interaction approximation to this system], the result of the
iteration procedure is no longer justifiable in this way. The nature of the
errors incurred by the iteration procedure must be clarified later.

The functions v(r) and A(r) are most easily determined by taking the
limit r - 0 in (2.23) in order to obtain the differential equation

dvidr = A, v(r) 22(r) (2.50)
where

. A2D .

Az(r)=v3("r)j14e“ (2.51)

Since A(r) = Ae~". Here we emphasize that the rescaling (2.26) is not done.
The solution of (2.50)—(2.51) is

v(r)=vo[ 1 +234,23(e* — )] (2.52)
and
Z(r):loez'[l +%Ad/fé(e4’—l)]'”2 (2.53)

which coincides with (2.40) when y=d. In the limit » — co, the parameter
A given by (2.53) approaches the fixed point

B =(4/34,)"*=(¢/34,)"? (2.54)

It has been mentioned in the previous section that at the fixed point
the coupling parameter (2.54) can be treated, from the point of view of the
¢ expansion, as a small parameter. Thus, in the zeroth order, neglecting the
nonlinear term in the foced Navier—Stokes equation defined on the smaller
domain 0 <k < Ae™", one has that the velocity field is determined by

v (k) = G(k) fi(k)
where the renormalized propagator G(k) is given by

Glk)=[~iw+v(r)k?]~! (2.56)
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If only modes with wavenumbers larger than A(r) are removed by
renormalization, then (2.45) gives a k-dependent viscosity in the limit
F—>00:

v(k)=(G44D,)"2k~*? (2.57)

where we have set A,=1.
Equation (2.55) leads to the energy spectrum

2 0
ISk j Tr V(K o) do

L

1 S, \P
(%Z RE (ZDO (2n)") k=53

S 2/3 53
=1.186 2D0(2) k (2.58)

Formula (2.58) has also been derived by Fournier and Frisch (1983). We
remark that the numerical constants appearing in (2.58) and in later
equations are evaluated at the fixed point to lowest order in e. Thus, 4, in
(2.22) is evaluated at e=0 as A,=0.2.

To derive the Kolmogorov constant for the inertial-range power spec-
trum we must relate Dy in (2.58) to the mean rate of energy dissipation &.
To do this we can use the solution (2.57) for v(k) and the equation for
energy balance following the calculation of Kraichnan (1971). Substituting
the inertial-range spectral law

E(k) = Cy 8Pk (2.59)

into the energy balance equation in the inertial range gives [Kraichnan,
1971, Eq. (3.1); see also Leslie, 1972]

(3/84,)"2 [2D,S./(21)*\
/2 ( 054/( 7”) ~0.1904
Cx 3
SO
2D, S./(2m)\ 6
Cy = 1.496 (—0‘5‘;@) (2.60)

Consistency between (2.59) with (2.60) and (2.58) requires that £ and
Dy be proportional, namely,

2D, S,/(2n) = 1.594; (2.61)
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Substituting (2.61) into (2.58) gives the energy spectrum
Ernolk) = 1617673k =353 (Cx =1.617) (2.62)

The relation (2.61) will be used later in this paper to derive transport
models.

3. RNG SUBGRID SCALE TURBULENCE MODEL FOR
LARGE-EDDY SIMULATIONS

Using (2.61), we can rewrite the result (2.52) of the RNG theory in
terms of the total mean dissipation rate £ as

v, =vo[ 1 +ag/vi A*(e* — 1)]'7 (3.1)

where a = 1.594(24,) = 0.120. The RNG subgrid scale turbulence model is
derived as follows: Let 4 be the computational msh size and let 4,=rn/4
be the wavevector corresponding to the scale 4. Our goal is to eliminate all
scales Ay <k <A from the problem. The corresponding subgrid model is
given by (3.1) with the wavevector A,=de " expressed through A.
However, it is customary to express the viscosity in terms of A = 24. Here,
4 is the width of a suitably chosen Gaussian filter. It is known from the
theory of isotropic turbulence that the dissipation cutoff k,~ A is not an
independent parameter, but obeys the relation

ku=A=(E3)"

where y ~ 0.2 according to experimental data. Thus, relation (3.1) becomes

a 13

where C =a/y*. Here, the Heaviside function, defined by H(x)=x when
x>0 and = 0 otherwise, reflects the fact that r >0 in (3.1).

Formula (3.2) express the renormalized viscosity in terms of £ and the
filter length scale 4. It is important that £ is a flow parameter that does not
depend on the scale A,= Ae~". This means that

s Vo (v Oy, 2_M<6”_f Q‘i)
) <5xj+5x,-) =72 \ax, "o,
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so that & can be expressed entirely through the resolvable field v=. This
makes it possible to use formula (3.2) for large-eddy simulations. Writing

_ () v dvTN?
= =+ 33
) (axj * 0x; (33)
and substituting mto (3.2), we obtain
ad* ovs OvF\? 173
= 1+ H|l=—g= V| = L) -C 34
' [ ! (z(znr‘va”(ax_,- * ax,) )] B4

Tt follows that, when ag4*/2(2n)*v > C,

v dv*
Ox;  Ox;

(3.5)

v=c, 4°

where ¢2 = a/2(2n)% so that
c.=00062 (RNG)

Formula (3.5) is the well-known Smagorinsky (1962) eddy viscosity,
which has been widely used in large-eddy simulations. Deardorff (1970,
1971) was the first to use relation (3.5) for large-eddy simulations of shear
flows. Deardorff {1971) argued that ¢, x 0.005 worked best. Moin and Kim
(1981) performed their simulations of wall-bounded shear flows with
¢, ~0.003. However, in order to prevent the turbulence in the wall region
from decaying, Moin and Kim redefined the average dissipation & as the
turbulent dissipation and separated effects of mean shear from the fluc-
tuating shear as in a turbulence transport model. They defined £ as

E=3vol(s;— (8,00 (3.6)
where
5= v N v
P ox; | ox,

7

and {---) stands for the horizontal average over all scales. Moin and Kim
also neglected the effect of random forcing due to subgrid-scale motions.
They pointed out that their calculated turbulent intensities were insensitive
to variations of the constant in (3.5) by 40%. Thus, we conclude that the
agreement between calculated and “experimental” data are rather good.
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Although the renormalized equation of motion derived in this section
is basically the same as that used far from the wall by Deardorff and
others, it differs significantly in the wall region, where formula (3.5) is not
valid. In the wall region the renormalized Egs. (3.4) do not lead to a tur-
bulent eddy viscosity proportional to 4°. Near the wall, the argument of
H(x) in (3.4) is negative, so v=v,.

Relations (3.1) and (3.4) are, strictly speaking, valid at the fixed point
or in the limit r — co. However, we shall use these formulas for the
calculation of turbulent flows in the entire interval 0 < r < co. The nature of
the errors incurrent can be illustrated by the limit r — 0:

_ eCr_l
v, =vo+ 4,43

which is asymptotically accurate [see (2.23)]. Thus, the result is accurate
in both limits r —» oo and r — 0. Equations (3.1) and (3.4) describe the
smooth transition between these two asymptotic solutions.

3.1. Role of the Random Force

Another important feature of finite systems is the role of the random
force generated by the elimination of small scales. This force is a zero-mean
Gaussian force given by the second term on the right side of (2.7). The
analytic expression for the correlation function of this force is

CRVR'Yy = D'2ny' = 2P, (K) b(k + &) (37)
where
p
D' =2D333 | 55 i) Piak) Prl) Ptk = @)
x g~k —aql |GGGk — d)I? (38)

The integrals in (3.8) are readily evaluated, giving

D33 e’ —1
via® 9

D=8, (d=3)
(3.9)
1 #-2 S,

Ba=5 da+2) @n)
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The recursion relation for D'(r) is derived readily:

dD’ D,
———=B,—
dr A°(r)

J2(r) (3.10)

For the approximate evaluation of (3.10) we take the coupling con-
stant 2= 1, at the fixed point and find, using y=d—,

4 d*—22D,S,/(2n)*
15 —d A3

’

(e —1)

or, in other words, introducing the dissipation cutoff £, and the cutoff
corresponding to the largest eliminated scales k., we have

4 =2 5[k
Ta1594 2 2| (24) 3.11
D194 43 dz—dkf,[(k) ] (3.11)

Far from the wall, where k,/k > 1, the induced noise is smaller than
the stirring force if

4 4*-2 ¢ g
—_ ke = 3.12
15 d2—dkf’,k <k3 (3-12)

and thus
(k/k.)* <1 (3.13)

This always holds when k& <k,. If, on the other hand, k =~ k,, the induced
noise is comparable with the stirring force and cannot be neglected. It is
clear that the role of this noise is most important in the buffer region where
k,— k.. Indeed, setting k,/k.= O(1), we conclude that in the buffer layer
the bare and induced noises are of the same order.

4. TURBULENT HEAT AND MASS TRANSPORT

In this section, we apply the renormalization group method developed
above to the problem of the distribution of a scalar advected by a turbulent
fluid. The method is a combination of the ideas developed in the works of
Forster et al. (1977) and the approach described in Sections 2 and 3.
Despite the fact that modeling of flows coupled to a scalar field is of much
practical importance in the description of heat and mass transfer, previous
analytic theories have not led to much quantitative success. A passive
scalar is governed by the equation of motion

OT)dt + (v- V) T= 1, V°T (4.1)
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where the turbulent velocity v is the solution of the Navier-Stokes
equation,

To analyze advection of a passive scalar governed by (4.1), we assume
that the random temperature field, mixed by a turbulent fluid, is isotropic
at small scales and is independent of the integral scale L. According to the
Kolmogorov (1941) theory, the dynamics of the scalar field at scales much
smaller than L are characterized by &, v, and y,, and the rate of dissipation
N of fluctuations of T:

d 1

-~ 2J T2(x, 1) dx = —XOJ (VT) dx= —N (4.2)

In the inertial range, transfer of T fluctuations dominates dissipation,
so the spectrum depends only on & and N (see Batchelor, 1959) and the
inertial-range scalar spectrum is

EA k)= BaL -5 (4.3)

_1/7

Here the constant Ba is called the Batchelor constant.

Another milestone of phenomenological modeling is the idea,
proposed by Reynolds and extended by Prandtl and Colburn, that in the
limit of large Reynolds number R the distributions of velocity and of
passive scalar are similar. This leads to the inference that, at large R, the
eddy viscosity v and eddy diffusivity y are similar, so that

a=P =y (4.4)

is nearly a constant. Here P, is the turbulent Prandtl number. The near
constancy of « in (4.4} has been confirmed experimentally in a variety of
flows. The value a=1.1-14 (P,=0.7-09) has been widely used in
engineering studies.

Repeating the argument presented in Section 1, we model small scales
by adding a random force to the right side of the Navier-Stokes equation.
To derive the renormalized equation of motion, we Fourier transform (4.1)
to obtain

g

T(k) = ik, 8°(K) [ vAd) T(k — ) A (4.5)
together with the Navier-Stokes equation
. dg
0iR) = GOE) Fi)— 22 o) G(E) [ 0,0) (K~ Damr (49
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Equations (4.5}-(4.6) are defined on the domain n/L <k <k,, where L is
the characteristic dimension of the system and &, is the Kolmogorov’s dis-
sipation scale, k,~ 0.2(2/v3)"*. The bare propagators G°(k, ») and g°(k, w)
are defined by

Gk, w) = GO(/%): (—io +vok?) ™! (4.7
g(k, ) = g°(k) = (—iw + yok*) ™! (4.8)

Our goal is to eliminate modes v~ and 7~ belonging to the wavenumber
strip kye ~" < k <k, and to derive an equation of motion for the modes v
and T~ belonging to the domain n/L <k <k, e "

It has been shown in Section 2 that the renormalized Navier—Stokes
equation after elimination of small scales is {2.25) with modified viscosity v,
given by (2.23) and the random foce 4f induced by the small-scale
elimination procedure.

To develop the RNG procedure for Eq. (4.5), we rewrite it as

aq

1) = — ik, g°0) | o7 (@) Tk =) o5y

~ ik g°F) | Lo (9) T (B~ 4)

. . dq
T+ 0F @) T (k= §) 407 (@) T (F — )] =
(2n)

(4.9)

To eliminate modes from the interval ke " <k <k, all terms v>(1€) and
T> (k) should be removed as in Section 2. This introduces a formal expan-
sion in powers of 4, and A;. This procedure leaves the bare coupling con-
stants A, and A; intact in accordance with the Galilean invariance of the
equations of motion. Upon constructing the formal expansion for T in
powers of 4, and Ay in which v~ and 77 do not apear, one averages over
the part of the random force £~ belonging to the strip ke =" <k <k,. This
procedure formally eliminates the modes v~ and I'™ from the problem.

After removing the modes k,e ™" <k <k,, one can write the equation
of motion for T<(k) up to the second order in Aj as

(—iw+ 3ok?) T=(k)
dq
(27‘()d+1

= —ikk, [ 07 (@) T=(k—g)

dq

*2(/16)2 D0T<klknf lGo( )i (lg—q)qivpln(q)ZZ_n)—tﬁ_l

(4.10)
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When the second term on the right side of (4.10) is evaluated in the limit
k-0, w—0 it can be identified as a correction to the bare diffusivity,
namely

kik, dq

A== 204 Do | 161 2R~ ) Pul@)a ™ i (411)

As in Section 2, the integration in (4.11) is carried out over §=(q, w),
where k,e " <gq <k, For k— 0, the result is

d—1 X (Ao)*va e —1

Ay =-—— 4.12
X d dX0+V0 c ( )

where K,= S,/(27)? and the effective dimensionless coupling constant is
Ao =2y DY vk (4.13)

It may be shown that if i,=Ay=1, one can set A(r)=2'(r) at each
step of the renormalization procedure. By iteration, it is possible to
eliminate modes from the finite band k,e ™" < k <k, generating the renor-
malized viscosity v=v(r) and coupling A= A(r). Taking r — 0, one derives
the differential equation for the renormalized diffusivity (with d=3)

5 72,2
ﬂ:g 3_2_ (4.14)
dr 3 7 x(r)+v(r)
where
B /‘LZD 4r
2 fo0 2 (4.15)

ki vir)
Using (2.50) and (4.14) gives

do - 2 1
iy cY _ .
ar 3 (3231+a “) (4.16)

where o = y(r)/v(r) and 4, =1/5.

Equation (4.14) may be solved exactly using (2.52) and (2.53), with
the result
a“—a

(1 +a)(a+6) cx+b

oo+ b

(b= D)f(a+ b} 1

1434, 02e™ — 1))

(4.17)

Ay —a

where
a=4{—1+[1+4(d—1)/dA; 1"} =3[ 1 +(43/3)"*] ~ 1.3929
b=1{1+[1+4(d—1)/dA;]"?} =3[1+ (43/3)"*=2.3929
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Thus, with d=3,

0.6321

o —1.3929
%o — 13929

o +2.3929
oo+ 2.3929

0.3679 v

2 (4.19)
v

In high-Reynolds-number, fully-developed turbulence where vo/v—0,
« — 1.3929 and the turbulent Prandtl number is P,=0.7179 (P,=o"").
The Batchelor constant Ba in (4.3) can be evaluated from the
equations of motion at the fixed point using the modified Pao (1965, 1968)
theory. The equation for the energy spectrum can be written in the vicinity
of the fixed point as
OE(k, 1) 5 Sy

ot ®(2n)4

k' + T(k, 1) — 2k2E(k, t) (4.20)

where now v stands for the total viscosity derived using the RNG method.
It is important to notice that, since £ is proportional to D, no new dimen-
sional parameters are involved in (4.25). The rate of nonlinear energy
transfer from wavenumbers less than k& to wavenumbers greater than k is

Wk) = j:’ Tk, 1) dk’ (4.21)
where
T'(k, t)=2D Sa k! '
1)= "Gy + TR, 1) (4.22)

Following Pao (1965, 1968), we assume that the function W(k) is k-
independent in the inertial range and that the dimensionally correct
prescription

Wi(k)=2y,e" k> E(k) (4.23)

holds. In a statistically stationary state, Eq. (4.20) becomes

= Wi(k)+ 2vk>E(k)=0 (4.24)

Substituting (4.23) into (4.24) gives a differential equation for E(k). The
solution of this equation satisfying the condition

2 j K2E(k) dk = &
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is

E(k)= k™% exp (‘ 4i El/svk“”> (4.25)

7p

with Cx =1/(2y,). In the inertial range, W(k)=¢.
The Batchelor constant may be derived using Pao’s formulation if we
introduce the scalar transfer function W {k), which satisfies

dW (k)
dk

+ 2uvE (k) =0 (4.26)

Equation (4.26) with o =1.3929 follows from the steady-state transport
equation for the scalar. It follows from (4.24) and (4.26) that

awik)y  Ek)  Cyi
IV, %K) g Ba N (4.27)

The differential Eq. (4.27) is solved by assuming that, in the inertial range,
& and N are constant, so that

Wik =—55_ k) (4.28)
o Ba- N

Pao’s theory in the inertial range gives
Wik)=N
so that we must require that

Ba=Cyfo=1.16 (4.29)

This number is in good agreement with experimental data, Ba~1.2-14
(see Monin and Yaglom, 1975).

5. RNG-BASED TURBULENCE TRANSPORT APPROXIMATIONS

Turbulence transport approximations can be constructed using the
RNG in several ways. In this section, we begin by deriving an RNG-based
algebraic turbulence model. Let us assume that the integral scale L=r1/4,
corresponds to the largest fluctuating scales in the system. This means that
v(k)=¥(k) is assumed to be nonfluctuating if k<A, Eliminating all
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modes from the interval A,<k <A, we obtain the equation of motion
governing the man velocity v=V. The (turbulent) viscosity can be
obtained from the relation (3.1),

3 . 1.594z 13
— iy B 1
v v0|:1+H<8Ad vSA} C)] (5.1)

The result (5.1) is derived by systematic averaging over the small-scale
isotropic fluctuating velocity components. It may be argued that formula
(5.1) is valid only for the description of isotropic homogeneous turbulence,
since it does not include the effects of strong anisotropy. However, it has
been shown (Sivashinsky and Yakhot, 1985; Yakhot and Sivashinsky,
1986; Bayly and Yakhot, 1986) that in some cases strongly anisotropic
small scales are effectively decoupled from the man velocity field V, so that
(5.1) may still hold. The integral scale L= /4, in (5.1) should be viewed
as corresponding to the largest scale within the inertial range. This point
will be considered in detail in the next section.

It is convenient to express A,in (5.1) through more familiar and more
easily observable properties of the flow. To do this, we compute the
isotropic part of the turbulent energy K,

w0 3
K= Ek)dk==Cy —
[} awa=els
3 3. 3z 3
==1617{-A4,1.594 —=1.195— 5.2
2 (8 A ) vA2 vA2 -2)
where we use
V=(%3d1-594)1/3(5//1}‘)1/3 (5.3)

which follows from (5.1). Eliminating 4, between (5.2) and (5.3) gives the
turbulent viscosity expressed in terms of the energy K and dissipation rate

[N

v=c, K%z (5.4)

with ¢, =%(1.59424,)'*/C% ~ 0.0837. This relation, which is usually called
an algebraic K-¢ model, has been widely used in turbulence modeling
(Launder and Spalding, 1972; Reynolds, 1976; Launder et al, 1975). The
“experimentally” determined coefficient ¢,=0.09 is quite close to
¢, =0.0837 obtained here by the RNG method.
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Relation (5.4) can be obtained by a somewhat different, aithough
equivalent, calculation. Let us write the total turbulent energy density as

_ 1 2 3
K_mjv (x, 1) dx dr (5.5)

where V' and T are the (large) space and time extents of the flow. Introduc-
ing the Fourier decomposition (2.2} gives

le o+ dg
k=3[ ok olk=d) ips (k=0,020) (56)

Here k — 0 stands for k — &, = 4,, where 4,1s the smallest wavevector at
which the system dynamics is isotropic.

To evaluate (5.6), we rewrite the integral in terms of the decom-
position into the v> and v= components:

L dg AP
2K=f9;<(q) U,~<(k"é)(2—;])4+2jv’>(c” Ui<(k_é) (2;])4
R dqg

where the integration in the last term on the right is carried out over the
interval k e 7" <k <k,= A. To leading order in Z,, the expression (5.7) is

2K~ [0 @) or f- )t 07207407 (58)
where
A L di
07 =20, [ IG°@)° P@d " (s (y=d=3) (59)
The integral @~ 1s evaluated as
_2D4S,/(2n)" ¢ — 1 (510)

Q voA? 2

It follows from (5.7)-(5.10) that the kinetic energy can be decomposed into

the part due to components v~ and an additional contribution Q~ that

takes into account eliminated modes from the interval ke ™" <k <k,.
The result (5.10) can be iterated as done earlier in this paper. Replac-
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ing v, and A by v(r) and A(r), we have that the differential relation for
Q(r) is simply
dQ 2D, S
dr~ v(r) A(r)* 2n)?
2D, S, e

_ _ . (5.11)
vod® (2m)* T1+34,23(e" — 1)1

The recursion relation (5.11) is easily integrated in the limit of fully
developed turbulence 34,12¢* > 1. Integrating up to the scale 4, gives

32D,S,/(2n)¢

Q=24 "/g ) (5.12)
2 vA;

Substituting (5.12) into (5.8) and keeping in mind that Q< — 0 when

k — A,, we obtain

32D,S,/(2n)
e E— 5.13
K 4 vA? ( )

so that

K=1.1958/v42

which is identical to (5.2). Note that it follows by eliminating & from (5.2)
and (5.4) that

10v242= K (5.14)

The aigebraic model (5.4) is valid only in the strongly turbulent
regions of the flow. To account for the low-Reynolds-number parts of the
flow, the recursion relation (45.11) must be integrated everywhere,
including regions where 34,42¢* ~ O(1). This gives the differential trans-
port model that is derived in the next section.

In the above discussion, we have given the basic steps of the averaging
procedure that will be used to derive transport models. The basic idea of
the method is summarized as follows: To obtain the mean of any nonlinear
term in the velocity field, say Y, we compute Y(k) in the limit & — 0. This is
done by repetitive averaging over shells in wavevector space de " <k <A
using the Navier-Stokes equation to remove unwanted modes. Eliminating
all modes from the interval /A, <k < 4 leads to the evaluation of Y.

To illustrate the procedure again, we shall compute the skewness
factor §,, defined as

=83 = (0v,/0x,)’/T(0v,/0x,)* ] = 4/ B? (5.15)



32 Yakhot and Orszag

First we calculate

(0v,/0x,))?

A

. Ay r ~. d§do
- —i[00uk—g= Q) vi@) 0O lf~ - O S (516)

in the limit k — 0.
Decomposing the velocity field into v< and v~ components, we
rewrite (5.16) as

A=A<—ifqu.(k—q—Q) (a+b+c+d+e+f+g)qu—)iQﬁ (5.17)

where the seven terms a—g are given by

a=v7(§) vi(0) vi (k—¢— Q)
b=v7(§)v7(0)vik—G—0)
c—v<(q)v (Q) v (k—4—0)

Z(@) v (0)vi(k— - 0) (5.18)
e—vl(q) S (0)vi(k—g—-0)
f=v5(@) o5 (@) o7 (k—G—0)

(q)vl (Q)v7(k—4—0)

and

- o, dgdQ
5= i [ 4,0k =4 ) vF @ oF(Q) o7 -G -0) 5 (519)
9

We have to evaluate (5.17), eliminating modes v> from the problem
using the Navier-Stokes equation. Averaging over the random force f~, we
find the following contribution from expression a of (5.18) to the integral
(5.17):

A,= =206 [ 9,01k =g~ Q)

x [1G%+ 0)I* G*(§) P1pn(q) Pra(q+ Q)
x g+ QI v (Q) vi(k—0)
— 1G°(§)1? G (=G —0) Py,.(a+ Q) Py(q)

. . . dsdO
xq*yvﬂQ)v,:(k—Q)]a;’)—zd% (5.20)
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The frequency integration is performed readily:

_m,p (9:0ik—g-0),
A= =200 [ S o [Pyfa) P4+ Q)la +Q)

dq dQ

( )2d+1

~ Pin(@+ Q) P(@)g 1 07(0) v (k + 0) oy (5.21)

It is clear that the expression in the square brackets in the integrand of
(5.21) goes to zero when Q — 0. Thus, we have to expand the integrand of
(5.21) in powers of the small ratio Q/g < 1 and retain the first nonvanishing
contribution. This can be done conveniently if we shift the variables in
{5.21) by replacing q - q — Q/2 and let k£ — 0. Thus,

=2“D0J(CI‘Q/2)1 Q.19+ 0/2),
v 2°+50°

>(lilen (q_%) Pln <q+%) ‘q"{__(z2

=P (04 2) Pufa-F) 0= i@ 0= 0rdaa

A

—y—2

After simple algebra we obtain

2zD 5 S
A= = Z2 [ 20,0,P,(0) Pulag ™ v (0)05(0) L4,

v0 ( )2d+1

The angular integration in (5.22) leads to 4,=0 when d=2 and, when
d=3,

{5.22)

= _i 2DOS3 ! < 2 Q
40= 7310 @y A JQ[ (0)] e 63)

It can be shown that the contributions from the terms 4, b, and ¢ to
the integral in (5.17) are all equal to (5.23) and that 4, ¢, £, and g do not
contribute to (5.17) in the lowest order of the ¢ expansion. Thus

15 2DS, 1 e —1 ) o
A=4< — Z270-3 2[,< 2
210 (2n)° 24 2 JQ‘[”‘ D) Gy

(5.24)

The relation (5.24) can be easily iterated if we notice that, for d=3,

do o1
&) =—

VjQ%[”f(QA)]Z(z—n)TJ: | 155 (5.25)

854/1/1-3
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is independent of r. The result for A4 is

15 Jr 2Dy Sye* dr

A=A<(r)———F, | —2023° <
=365 |, @) (5:26)
This result for 4 is best evaluated by rewriting it as
15 _ 02D,S, e dr
A=A<(r)——, | 2023 ¢ T
T fo ) A
15 _ 2D,S; (©2DyS; e dr
- 5.27
T (27r)3/1(2)fr Zn)p A0 (5:27)

It follows from (5.27) that, in high-Reynolds-number, fully-developed
turbulence,

15 2D,S, & | 2D,S, ¢

T A0 20T VAT 40 (2n)f VA2 (528)
Next we compute
20 (4 L 5 dq
B=[ giodd) k=) 5w (529)

in the limit &£ — 0. It is easy to show that, to the lowest order in i,

dq

B=B"+[g16@)I (@) 2D0g~ 5k (530)
The integration in (5.30) leads to the result
1 2DgS, r
= B o 200 5.31
B=B" 415Gy v, (531)
Iterating the procedure, we find that, in regions where v > vy,
1 2D,S,/(2n)*
BN = —— 5.32
20 v ( )
Combining (2.61), (5.28), and (5.32) gives
o A= 2D, S /(2m )\ >
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At the fixed point, (2.51)-(2.54) give with d=3

2Do Sa 8 _ 13333 (5.34)
VA3 Gny 34,

so that
S5(r)=04878 (5.35)

We sce that S(r) is independent of r, so that S7(r)=5;=0.4878 in the
limit r — 0. This result is in gocd agreement with the experimental values of
the skewness factor S5 =0.4-0.6 (see Section 7).

It should also be mentioned that the RNG result that S, =0 in two-
dimensional isotropic turbulent flow is an exact result (Herring et al,
1974).

5.1. Energy Equation

The result (5.4) shows that, within the framework of the present RNG
theory, the total viscosity is entirely determined by two characteristics
of turbulent flow: the kinetic energy K and the dissipation ratc & Now
we apply the RNG method to derive the equation governing the kinetic
energy K. The equation of motion for K(x, t) follows directly from the
Navier—Stokes equation (Tennekes and Lumley, 1972; Monin and Yaglom,
1975)

oK _ 0 0’K

Here v=V+v', where V= (v) is the (local) average velocity, K= 1{v'?},
the production term P is given in terms of the eddy viscosity v, as

vy (00, O0:\? _
P=—"(—++-) =,.5? .
> <axj+0x,-> vrSy (5.37)
and
D= vo(évj-/éxj)2 (5.38)

Our goal is to evaluate the mean value of K(x, t), defined as

_ T
1<:j0 di fy Kx, ) dx=Kk o) (k-0,0-0)  (539)
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To evaluate (5.39), we Fourier transform (5.36):

, o ) i ) d
K(k)=G°(k)[P(k)—D(k)J—iiokf('”(k)f oAd) K= 775

— i3k G°(R) [ p(@) vk~ §) s (5:40)

QV

In (5.40), the expression for the Fourier transform p(k) of the pressure is
obtaimed easily from the Navier—Stokes equation and the incompressibility
condition as

k[ m A
. JW(Q)U ( )

We observe that, except for the last term on the right side, (5.40) is
precisely the equation for a passive scalar K with “molecular diffusivity”
Yo=Yy and “force” P— D. The renormalization-group procedure for such
an equation has already been developed in Section 4.

Our concern now is to evaluate the role of the pressure-velocity
correlation in the turbulent diffusion of kinetic energy K. To do this we
decompose modes into their < and > components and express the last
contribution to the right side of (5.40) as

plk)=

(5.41)

Y= —idok,GOK)

x [[p=(@) o7 (k=) + p™ (@) v (k= 3)+ p=(d) v} (£~ )

o i
+ 7@ k- (542)
with
P@)= ~ 4o =2 [ (03 v d~0) +207(Q) (G~ 0)
+07(0) v; (57%4 (5.43)

All contributions to (5.40) up to A} can be obtained by substitution of
{(5.43) into (5.42). Elimination of the modes v~ (k) from the interval
kje "<k <k,is carried out using the zeroth-order solution of the Navier—
Stokes equation with subsequent averaging over the part of ‘the random
force acting in the domain ke "<k <k,.
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All contributions to the equation of motion (5.40) stemming from
(5.42)-(5.43) can be classified into two types of terms:

Vh=dik [ 123002 (0) o7 (4= 0) v (k=)

= (k)=0 (5.44)

~ qd.49p 00 AN 2 d‘j
<k [H2GUON (@) 40 1

and

:151«,.] q 02 (0) o7 (k—§) o5 (G—0) g

~ 22k, [ 192 p k- q) [k—q| =2 |Gk — ) v k) = O(K?)  (5.45)
q

and can be neglected in the limit £ — 0. Thus, the pressure-velocity
correlations do not contribute to the equation of motion for K to second
order in the coupling parameter, which is considered small in terms of the ¢
expansion.

Recalling the results of Section 4 for the RNG description of a passive
scalar, it follows from (5.40) that the RNG equation for mean turbulent
kinetic energy is

6K 0 K
———+(v VIK=P—D+—oyv—
ox,; Ox;

where the “turbulent Prandtl number” o, is found from the algebraic
relation

0.63

o — 1.3929
0.3929

og +2.3929
3.3929

0.37
Yo (5.46)

Vr

which is just (4.19) for the case y,=yv,. Here the turbulent viscosity VoS
given by (3.2)-(3.3).

At this level of approximation, the dissipation D ~ . For the produc-
tion term that involves the unknown Reynolds stress T,0;, one can use
different types of closures, including

Px2v,S; (5.47)

P~03K(252)2 (5.48)
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Thus the K equation is

oK v (00, 00,\* d dK
LK=LYy —ae = .
5t+(v ) 2<6xj 5x,-> 8+6xiakvrax, (349)
or
0K _ - _ 0 0K
E-i—(v'V)K=O.3(ZSfj)1/2—8+Ec—ioc,<v5;i (5.50)

Next we need to derive an equation governing the turbulent dissipation &.

5.2. Equation for the Dissipation Rate

The mean dissipation rate is defined in general by

§=Lvo(00/0x, + ovjox ) =ek)  (k—0) (5.51)

It can be argued that strongly anisotropic fluctuations of the velocity field
do not contribute to turbulent diffusivity (Sivashinsky and Yakhot, 1985;
Bayly and Yakhot, 1986; Yakhot and Sivashinsky, 1986). Thus, we are
interested in evaluating the isotropic part of the dissipation, defined as

E=volovjox,)}=e(k)  (k—0) (5.52)

To evaluate (5.52), we write the equation of motion for

e(x, 1) =v,[dv(x, 1)/0x,]? (5.53)
Taking the time derivative of (5.52) and using the Navier-Stokes equation,
we find
de ov, 0 dv;, Op v,
A, Nl A Y Nl O A 5.54
2 0ax, o, [( riar PR axfﬂ (554)
or
de ov,; dv, dv, de 0% AT
Ly B P ) St 5.55
ALY M o Rl IO PR (ax,. 8x,) (33

To derive the equation of motion for &(x, t) = ¢(k, ¢) in the limit £k — 0,
we take the Fourier transform of (5.55):
dgq

o(k) = —igthy [ 0d) otk — ) gy s~ VilR) = V2R = V20)(5:56)
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where
A dg
V=278 gk —a) 9k~ a)r o) olk ) g (557)
- dq
V2= ~2ivo g2k, | q,(k - ), d) plk - )(2;’)4 (558)

= 2ivog? [ 4,0,k g 0),v,d) v ) vk — G~ 0) (5.59)
(2n)

and the bare propagator is
g'=(~w+y%) " (5.60)

Here 0= v, is the bare diffusivity of the dissipation rate «.

To eliminate small scales from the problem, we decompose the velocity
v and the scalar field ¢ into the two components v< and v> and ¢ and ¢,
respectively. Thus,

R

= zggkj[ Je(k—q)+v7(§)e” (k—q)+v7 (@) e=(k—4)

- d
v o7 @) (ki) |- 1= 1= (561)

and

Yi=23g0 [ gk —q) aik—q),

><[2U,-<(4)v?(/g—é)+vf>(4)v,->(1€~é)](—%JF(YQV (5.62)
Y2= —2ivo g2k, [ g,k —q),

x [0 (4) p~(k—§) +v7(§) p=(k—§)

07 @) P =)+ (1) (5:63)
V2= —2iv g2 [ 4,0,(k—q - 0),

><(a+b+c+d+e+f+g)deq+(Y§')< (5.64)

(2n)°
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where we have introduced the notation Y(v =)= Y=. The expression (5.64)
for Y? involves seven contributions:

a=v7(§) v (Q) vy (k—4—0)
b=0v7(§)v7(Q)vi(k—G—0)
c=v7(§) 07 (0) v7 (k—G—0)
d=v7(§) vi(Q) v (k—G— Q) (5.65)
e=07(§) v (@) v (k—4—0)
f=v7(§) v7(Q) v k—G—0)

)

The climination of the modes v and ¢~ from (5.61)-(5.65) is carned
out as above: all modes ¢~ in (5.62)-(5.65} are eliminated using (5.61) and
the modes v~ are eliminated using the Navier-Stokes equation. This
generates an infinite expansion in powers of the Reynolds number. Next,
averages are taken over the random force for k,e™" <k <k,. The resulting
equation does not include the modes v and ¢”. The results are calculated
to the second order in the coupling parameter 1.

The integral term in (5.61) is similar to the equation for a passive
scalar e. The RNG scale elimination procedure for a passive scalar has been
described above in detail. Thus the sole effect of the second, third, and
fourth terms within the integral on the right side of (5.61) is to generate a
correction to the bare diffusivity:

ar
5X£=d 1 2D0LS;,, 1 et —1 (5.66)
d (2n)? vo(x®+ve)4s 4

It is easy to show that the contribution of the pressure—velocity
correlation term (5.63) is equal to zero to second order in A,. This agrees
with the conclusion of Hanjali¢ and Launder (1972).

It remains to evaluate (5.62) and (5.64). After elimination of the modes
from the interval Ae ™" <k < A, the expression for Y! can be written as
D, S, g @t+d=r

A2 .
Vo i (5.67)

2
Yi=(YH< 2
=YD+ yi+ et (Zn)d

where
yi=—43Dq [ quak — )ik — 9),G°(4) G°(k — §) 1G°(G — )1

B < . dadD
X Pip(q) Pos(k—q) Pps(q— Q) Iq— Q| 7 v7(Q) v (k— Q) (2—:)5%—2

(5.68)
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and
ya= —8v3D, j 1G°(k— §)1 G°(¢— 0) G°(§)[q- (k—q)]

A d
X PiglQ) Ppys(@—Q) Pis(@) g~ v (0) vy (k— Q)( q)de+2 (5.69)

Here Ae " < g < A and the wavevectors Q and k belong to the interval
A;<k<Ade™’, so that @/g <1 and k/gq < 1. We are interested in the limit
k — 0. After the frequency integration is performed, (5.68) becomes

Xf [q-(k—q)1* Poy(q) Prs(k—q) Ps(q—Q)lq—Q| > *
(¢ +k—q1*)g*+1q—Q]?)

x v (Q) o7k — Q‘)(hd;f,HQ—:)Q;—;‘ (5.70)
and
J’2=_§V§Do
[q- (k—q)]* P,5(q) Pps(q—Q) Pis(q)g ™
lk—qlz(lk—q|2+Iq—Qiz)(ik—qi“rqz)
x05(0) v (k- 0) 40 (571)

( )d+1 (27I)d+1

The integrations over the wavevector q in (5.70) and (5.71) can be
carried out if we expand the integrands in powers of Q/g<1 and k/g < 1.
Second-order terms in (Q/q produce corrections proportional to
[ 0%*Q) dQ = O[e(k)] in the limit k — 0. The fourth-order terms propor-
tional to &* | Q*v*(Q) dQ = O[ k%(k)] give rise to additional corrections to
diffusivity that must be taken into account. Thus, expanding the integrands
in (5.70) and (5.71) in powers of Q/q and k/q, we obtain to second order in
A(d=3)

2DO Sd 8_ €2r—1
Qu)T VA2 2

y,=0217

— k% (5.72)
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2D,S, & e¥—1

= —0.250
¥ 2n)? A 2
d—12D,5, R 2Dy e —1

It is interesting that the correction to the diffusivity of ¢ from the term Y!
vanishes because the last terms in (5.72) and (5.73) cancel each other
identically.

To eliminate small scales from (5.64)—(5.65) we use a procedure
similar to the one developed to evaluate the skewness S;. It is easy to show
that to second order in 13, contributions to (5.63) coming from the terms c,
d, e, f, and g vanish. It is an elementary, although tedious, calculation to
show that

d—22DyS, & ¥ —1

3I_ (v <
L= 45y w2
L d—2 2DeS, 1 e¥—1
+ 1 T 33
dd+2) Gy A 2
sy e or . dQdg
[ o @@ k-i-0 g (T

In the case of isotropic, homogeneous turbulence, the last term in
(5.74) vanishes. If Vv 0, this term is responsible for the production of the
dissipation rate & For now, let us neglect this term and substitute (5.66),
(5.72), and (5.74) into (5.60). The result is

dg
(2ﬁ)d+ 1

o(6) = —ig,k, [ 0Ag) ek~ @)

d—2
- Y'-y?-7 —{0.217+—=-0.250
[ Ys—i—gE[ (0 +d+2 25>

el2r)

2

XZDOSLI £ 62’—1 22D0Sd
Qn)y VA 2 2n)?

vod? (1= +P:I (5.75)

where P stands for the production term, which will be considered below.
The propagator g, in (5.75) is

and dy, is given by (5.65). Equation (5.75) is defined on the interval
A<k <de™.
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The functions Y =¥ in (5.75) are those in (5.56)—(5.58) but with v=,
g,, and v replacing v, g° and v,, respectively. This renormalization
procedure can now be iterated. The result is

] ' i . dg 2D, S
f== — lgekzj vlq) ek — ) (2m)+! . (27(')1.')dd
2D,S ¢ =
* e, (2(;)51”3+ g.P (5.77)

where the parameters ¢ and b are determined from the recursion relations
derived from (5.75):

@ ) A2r) (5.78)
dr
db d—2 1
@ ‘(”’033 e z) V() A°(0) 7
and
g.=[—iw+a,(r)vk*] ! (5.80)

The inverse Prandtl number «, is defined by (4.19) with oy =1 [s0 a, = ay
given by (5.46)].

The recursion relations (5.78) and (5.79) can be solved in the limit of
high Reynolds number when r — co. Using (2.52), one obtains the result

a=3vA? (5.81)
and
3 d—2 1

Thus, the equation of motion governing the man dissipation rate & is

De  _ 2D, S g 2D,S, 0 08
=P 3vA2=04 1 0.2505 20 av—  (5.83)
D1 T T A ) Tan e, O

i

Using (2.61), (5.2), and (5.14) to eliminate Dy, 4, and v, we obtain the
dissipation equation

Di 22 3
—8=P—1.7215‘;—<+ia , 0

Dt ox; ° ox, (5:84)
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For homogeneous turbulence, (5.84) with P=0 and the energy
equation
DK/Dt= —¢ (5.85)

show that homogeneous isotropic turbulence decays at high Reynolds
number like

K=K1(l— t0)~1/0.7215 — KI([_ to)—1.3307 (586)

for suitable constants ¢y, K,. This result agrees well with experimental data
(Monin and Yaglom, 1975).

To evaluate the production term P, let us consider the last term on the
right side of (5.74). In the case of shear turbulence Vi#0, so the major
contribution to the integral in (5.74) comes from wavevectors coresponding
to the largest scales in the system. Examination of the structure of this
Fourier integral shows that it is given by

S d=2 2DyS, ¢ ~115(k) d,

P= — .
dd+2) 2n)? 2 viA® ox; (587)

where 75 (k) is the contribution to the Reynolds stress —7;7; at wavenum-

ber k. Thls relation can be iterated if we note that a calculatlon similar to

that used to derived (5.2) shows that 7,(k)= v(r) 4%(r) is proportional to &,

so it is independent of r in the 1nert1al range. Thus,
dP d—2 1 2D,S,

aP R
dr d(d+2)v’A* (2n)¢ Y x,

{5.88)
Noting that, to leading order in Z,, we may assume that 75(k) is
statistically sharp at 4,, we obtain

po __4=2 2DS/Cn)! 00
o dd+2)  vaE o Pox

(5.89)

in the high-Reynolds-number limit. Using (2.61) and (5.14) to eliminate
Dy, v, and A, we conclude

_ a5,
P= —1063= ,jai (5.90)

Thus, the high-Reynolds-number version of the & equation is

o _
e _oe3is, 0 17215 a asvﬁ
t X; dx;

'fa (5.91)
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As a consistency check, notice that it follows from (5.74) and (5.89)
that

Y3(k — 0) = 2vo(0v;/0x;){0v,/0x;)(0v,/0x))
= 0(d—2)/(d+2)]=0 (5.92)

when d=2. It can be shown directly that Y?>=0 when d=2, using the
incompressibility condition V-v=0.

The result (5.91) allows us to calculate the von Karman constant. We
express all parameters in wall coordinates:

y+— k) * > U+'— 2

Wy, 2 w. . K
. gt =" = K, == =
Vo p v, vl

Yo gy

where 7, is the wall shear stress. Consider a boundary layer in which all
parameters are functions of the distance to the wall only. We use the simple

version of the closure:
ov, 07,
O (#+—”i> (5.93)
' ox; 0x;

In a stationary state, Eqgs. (5.49) and (5.91) in the region where K is con-
stant (in wall coordinates) give

2
v, (a“) i, = (5.94)

and

) N P )
1.063;—+v+< "*) s iy % gy e g (595
+

Y+ v,
1—ZFf = 5.96
R, Vv, o (5.96)
so v, 0v,/dy, =1 when y /R, < 1. Using this, we obtain
EL=1/v, (5.97)

so that, using (5.4),

K. =34159 (5.98)
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Substituting (5.97) and (5.98) and «, = 1.3929 into (5.95) gives

V=KY, (5.99)

with the von Karman constant
B 1.7215 —1.063 1/2~O372 5100
"= 139293416 T (5-100)

Thus it follows from (5.96) that

v, =26881ny, +c (5.101)

6. DIFFERENTIAL TRANSPORT MODEL

The high-Reynolds-number version of the algebraic K—¢ model derived
in this work is given by relations (5.4), (5.48), (5.49), and (5.83). It is clear
from (5.83) that in low-Reynolds-number flow regions where K— 0 the
algebraic model is poor because of uncertainty of terms of the type &/K. To
derive a model valid in both high- and low-Reynolds-number regions of the
flow we must solve the RNG differential recursion relations introduced in
Section 5. The results for this differential transport model presented here
have been obtained with the collaboration of Dr. A. Yakhot.

Let us first solve Eq. (5.11) for the function Q =2K:

dK g ge*r
2 —=1.59%4 = 6.1
dr v(r) A% (r)  v(r)A? (6.1)
or
dK 1.594 ¢
Twei - (6.2)
d[1/4%(r)] 4 v
From (2.52) and (5.2) we obtain
1 3 p? dv
d=e— ' @ (6.3)
A% 2Y (3 4,1.59945/v3)'?
where
V=v/v,y (6.4)
and
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Substituting (6.3)-(6.5) into (6.2) gives

K j d
d =5 = 17288V ”_Y_Y (6.6)

The differential relation (6.6) expresses the total viscosity v in terms of
the kinetic energy K and the mean dissipation rate & When v/v,> 1, the
solution to (6.6} 1s identical to the algebraic model (5.4).

The low-Reynolds-number modification of the equation for the man
dissipation rate & can be written as

De -0 ot
—=P—d4+b+—ua,v— 6.7
Di P—a+b+ o, o, o, (6.7)

where the functions P, 4, and b are derived from the following relations:

K. &,
= —0.08889 =7, a“ (6.8)
and
a v v
A= —08267 s (6.9)
) p
A== 05764 e (6.10)

Equation (6.8) is a direct consequence of expressions (5.14) and (5.4).
The differential relations (6.9) and (6.10) can be obtained readily from
(5.78)-(5.79) using the procedure (6.1)-(6.6). Detailed derivations and
applications of this differential model will be published elsewhere.

7. DISCUSSION

The RNG method developed here is based on a number of ideas. First,
there is the correspondence principle, which can be stated as follows. A tur-
bulent fluid characterized in the inertial range by scaling laws can be
described in this inertial range by a corresponding Navier-Stokes equation
in which a random force generates velocity fluctuations that obey the scal-
ing of the inertial range of the original unforced system. The dynamical
equation with the random force is the basis for the systematic elimination
of small scales and calculation of the renormalized transport coefficients.

Second, the RNG procedure is, strictly speaking, valid only in the
asymptotic limits of K >0 and R — oo in which the scaling relations are
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derived in the vicinity of the fixed point. What are the limits of validity of
the RNG procedure? It is known from experimental data that the proper-
ties of turbulent fluids are approximately independent of the width of the
inertial range if the Reynolds number is large enough. We believe that the
results of the RNG fixed-point calculations can be aplied to any fluid that
demonstrates Kolmogorov-like scale-invariant behavior in some range of
the wavevectors and frequencies. This situation resembles the theory of
critical phenomena in the sense that the critical exponents computed at the
fixed point are approximately valid in the vicinity of the critical point when
WT—T,)/T, <1 (where T, is the critical temperature).

The major drawback of the theory presented here is that, according to
(2.45), the higher nonlinearities generated by the RNG procedure are
marginal, ie., they do not exponentially go to zero when the iteration
parameter r — co. As discussed in Section 2, we can hope that these terms
produce small logarithmic corrections to the results derived here. It is
interesting that the same kind of problem arises in the derivation of the
hydrodynamic equations from molecular dynamics by the small-scale
elimination procedure. It is well known (Dorfman, 1975; Wood, 1975) that
the so-called super-Burnett coefficients, which are neglected in the Navier—
Stokes equation, are weakly divergent, while the molecular viscosity com-
puted in terms of time-correlation functions is finite. These weakly
divergent coefficients are not known to upset the results of classical
hydrodynamics based on the Navier-Stokes equation. We can hope that
the marginality of the nonlinear terms generated by the RNG method are
unimportant. Of course, this hope does not have a solid theoretical basis,
so the value of the RNG method should perhaps best be judged by com-
parison of its predictions with experiments.

The magnitude of the Kolmogorov constant calculated here,
Cy = 1.617, agrees with experimental data. However, measurements of Cyg
do not allow an unambiguous interpretation of experimental data. The
most widely accepted value for Cy is Cx & 1.4-1.7. Similarly, the value of
the turbulent Prandtl number derived here, P,=0.7179, is close to
P,=0.7-09 accepted in the engineering literature (Landau and Lifshitz,
1982; Monin and Yaglom, 1975).

The RNG calculation for the skewness factor S, gives S, =0.4878.
Experimental data on S; are quite scattered. Frenkiel et al. (1979) reported
5,=047-048 and §;=0.41-044 measured in water and wind tunnels,
respectively. The measurements of Antonia er al (1984) in a plane jet
showed §,=0.43. It must be mentioned, however, that the masurements of
Wyngaard and Tennekes (1970) in an atmospheric boundary layer showed
that, as the Reynolds number increased, the skewness factor S, grew from
S,~0.6 to §;~ 1. It is possible that the Reynolds number dependence is
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due to large-scale anisotropy effects, which are quite strong in the planetary
boundary layer measurements. The role of the anisotropy on measurements
of §; has been discussed by Antonia er al. (1984).

The RNG derivation of the transport model given in Section 5 deser-
ves more discussion. The RNG procedure is based on the elimination of
small scales, which are assumed to be isotropic. The fact that such a grossly
simplified picture of turbulence leads to a K- model with v=_c K%/,
¢,=0.0837, and the von Karman constant K= 0.372 deserves comment.
Two basic questions that may be asked are: First, why does turbulence
modeling based on oversimplified models give reasonable results? Second,
why is it widely found in the engineering literature that more sophisticated
schemes, such as third-order closure models, do not lead to substantial
improvement over existing K-Z models? The second question may be
understood on the basis of the present theory: Higher order nonlinear con-
tributions are asymptotically unimportant and lead to small corrections to
the results based on the second-order closures.

The first question is much more difficult to answer. Existing schemes
do not take into account the strongly anisotropic eddies that dominate the
wall layer. It is well known from experimental data and direct numerical
simulations that the turbulent energy distribution in a channel flow has a
pronounced maximum very close to the wall, namely at y, ~ 13-18. In this
region, the turbulent viscosity, defined as v, = —,7,/(00,/0x,), is very small.
On the other hand, far from the wall, the turbulent intensity is much lower,
but the turbulent viscosity is v,~0.08R,, which is many orders of
magnitude larger than molecular viscosity. The inevitable conclusion is that
not all turbulent eddies interact with mean flow and, consequently, not all
eddies contribute to turbulent viscosity. The same effect is found in studies
of the relaminarization of turbulent channel flow in a strong magnetic field.
It can be shown that, if the magnetic field is large enough, turbulent chan-
nel flow becomes strongly anisotropic and the velocity profile and the fric-
tion coefficient approach those of laminar flow. The total turbulent inten-
sity, however, remains quite high. It seems that strongly anisotropic scales
may not interact with the mean flow.

The interaction of small-scale flows with large-scale perturbations has
been studied analytically by Sivashinsky and Yakhot (1985), Yakhot and
Sivashinsky (1986), and Bayly and Yakhot (1986). It has been shown that,
if the small-scale flow is sufficiently anisotropic, it either decouples from the
large-scale flow or gives its energy to the large eddies. Only when small
scales are sufficiently isotropic do they increase the dissipation of large
scales and thus give rise to a positive turbulent viscosity. The wall region of
the channel or pipe flow is dominated by strongly anisotropic structures
(streaks) which do not interact directly with the mean flow and thus do not
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contribute to turbulent viscosity. Thus, it is possible for the maximum of
turbulent kinetic energy to be located where the turbulent viscosity is close
to zero. The weak coupling of strongly anisotropic scales to the mean
motion may be the reason for the success of turbulence modeling based on
the elimination of isotropic eddies from the inertial range dynamics and for
the apparent success of RNG methods for turbulence.
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