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144 AVRAM SIDI

Pick a decreasing sequence {y}{%,, such that y € (0,4], | = 0,1,..., and
lim;_... y; = 0. Then, for each pair (j,p) of nonnegative integers, the solution
for A), of the system of linear equations

P
(1.3) Aw) = A+ adi(w), i<I<j+p,
k=1
is taken as an approximation to A. (Note that &;,...,&, are the additional
unknowns in (1.3), so that the total number of unknowns there is the same as
the number of equations, namely, p + 1.)
The approximations Ai’; to A can be arranged in a two-dimensional table in

the form
Aq
A A
(1.4) A3 Al A3 Al = A(y;), i=0,1,...

Ao Tk ety 4.l
AL PR A AR T

Let us set for simplicity of notation

(1‘5) ﬂ.([) = A(yl)a t e 01 11 sedy
gell) = ala L wh =015 St bi=glod o
H) = 1, $=01..

Then the following results are true:
THEOREM 1.1. For. any sequence b(l), 1=0,1,..., let f)(b) be defined by |

91(7) 92(7) o gp(d) b(7)
i) fib) = ?1(J+1) .fl'z(.]'i‘l) frp(3+1) ?(J"f"l) |
GG+p) @G+p) -~ gG+p) bG+p)
Then A;’; can be expressed as the quotient of two determinants in the form
(1.7) Al = M
fo(I)
THEOREM 1.2. Define the polynomial H}()) by
91(7) e gp(d) 1
o HIO\) = {;1(J+1) 'gp(1+l) )\

QI(]+p) gp(j"—p) AP

| I
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146 AVRAM SIDI

(ii)  Let p be the smallest positive integer for which oy, # 0 in the asymp-
totic expansion of A(y) given in (1.2). Then, whether lim, o4 A(y) exists or
not, Aj satisfies

P
= 1 b, ] 761: S .
(1.15) Ai, —A~apyy, l:l I (%—)] Qg (7)) a8 3~ 0.

=1

(ii1) Set ay = ai,‘k in (1.8). Then, with j1 as above,

: bptu = 1\ | 77 ((Potu = b\ | go+u(d)
116) o’ — Qe ™~ Ol (L\) ( p+i 1) JP Le.
( .k pt+u bk = E bk X bi QA(J)
i#zk

The results in (1.14), (1.15), and (1.16) are those given as, respectively, The-
orem 2.4, Theorem 2.2, and Theorem 2.3 in Sidi [10]. Actually, we have gener-
alized Theorems 2.2 and 2.3 in Sidi [10] by accounting for the possibility that
ap+1 may become zero in (1.2). (For additional results of a different nature, see
Sidi [9, Section 4].)

REMARKS:

1. The condition in (1.12) implies lim sup,, _, .. |gx(rn)|*/"

implies that gx(n) behaves, roughly speaking, like b7 as n — oco. The
conditions in (1.1) and (1.12) together imply that |bgy1| < |bk| for all k,
and this shows that the condition in (1.13) is, in fact, an independent one.

= by, which, in turn,

2. If |bpyp] < 1in (1.15), then A}’; — A as j — oo, whether lim;_ o A{_‘, o=
0,1,...,p—1, exist or not. The error Ag‘fA tends to zero, roughly speaking,

like b’

M for j — oo.

3. If =1, i.e., apt1 # 0, then the sequences {AIT) 22 and {A;’;H}J”-C:(j satisfy

(1.17) lim —2L = =,

whether they converge or not. In case they both converge, (1.17) is said
to imply that {A7 . ,}72, converges more qu.ickly than {Ai’, Ro Hpu>1,
i.e., apy1 = 0, however, the p sequences {4} ;}52y, 1=0,1,...,p—1,all
have the same behavior; they all converge or diverge at exactly the same
rate, namely, like g,,(j) for j — oo. In summary, each column of the
extrapolation table in (1.4) is at least as good as the one preceding it; it
may be better or may behave in exactly the same way.

4. A weaker version of (1.15) has been proved also in Wimp [10, pp. 189
190). There it is assumed, in particular, that (1.1) holds uniformly in k
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148 AVRAM SIDI

and that

(2.5) lck| > |ckt1| implies ¥ry1(y) = o(¥r(y)) as y — 0+.

We must emphasize that the converse of (2.5) is not necessarily true, and it need
not be assumed to hold in our work.

Despite (2.3) and (2.4) we do not restrict the |¢;| to be distinct. All we demand
is that there be at most a finite number of the ¢; having the same modulus. The
implication of this demand is that |ck| > |ck41| holds for infinitely many values
of k.

An immediate example of functions v (y) satisfying all of the conditions in
(2.1)-(2.3) is Yi(y) = y°*, Re o1 > Re oz > -- . For these Yr(y) we have ¢ =
w’* and |cg| = w7, k=1,2,... . Also |[¢x(y)| = |¥s(y)| when Re oy = Re o5.

With the ¥x(y) and {m}{2, as described above, we now assume that the
function A(y) has the asymptotic expansion

(2:6) Aly)~ A+ [Z aki(log y)i] Y(y) asy — O0+.

k=1 Li=0

As before, A is limy o4+ A(y) when this limit exists. Otherwise, A is the antilimit
of A(y). The g are some known nonnegative integers. The constants*og; are
unknown.

Functions A(y) that satisfy (2.6) arise very naturally as Euler-Maclaurin ex-
pansions in the trapezoidal rule approximations of integrals of the form

/U " 2% (log ) g(z)dz,

where ¢ > —1,q is a positive integer, and g(x) is infinitely differentiable over
[0,1]. See Navot [6] for ¢ = 1. For a brief survey see also Sidi [9].

For the sake of completeness, we mention that what is meant by (2.6) is that
for any positive integer N

N-=1T qr
(2.7) Ap)=A+)_ [Z ai(log y)“] ¥i(y) + O((logy) " ¥n (v))
k=1 Li=0
as g —» 0+,

where § is the maximum of gi, k = N,N +1,..., for which the corresponding ci.
have the same modulus.

Finally, the condition that limy_ec(y41/%1) = w, for some w € (0, 1) implies
that
(2.8) il = w&n, en=0(1) asn —+ oo,

Yn

We supplement (2.8) by the extra condition that

(2.9) (logyn)“en = 0(1) asn — oo, allv >0.

It
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150 AVRAM SIDI

THEOREM 2.2. Let p be as in Theorem 2.1, and write (2.7) in the form

(2.13) Aly)=A+)_ Zaki(log y)"] Ur(y) + Re(y)-
k=1 Li=0

Then

(2.14) Al — A= O(Ry(y;)) asj— oo.

A much more refined and quantitative version of (2.14) can be given as follows:
Let 1 be the integer for which

(2.15) leeril = o+ = lersul = lesrusil

and assume without loss of generality that not all of the coefficients ayq,, k=
£+ 1,....,t + u, are zero. (I case’all of the @pg, ok = t 4+ 1,..58+ 1, are
zero, the Yr(y) and q with k > t, i.e., those Y¥i(y) and q; that are present
in the asymptotic expansion of Ri(y) for y — 0+, can be renamed so that this
assumption is realized.) Then

(216) A} —A= ) {aqu {H (%)v} Vi (y;)(log y;) ™ + nj.k}.

k=t+1 i=1

where
(2.17) njk = o(Yr(y;)(logy;)?) asj—o oo, k=t+1,.,t+p.

COROLLARY 1. Ifﬂa = 1, 3--6., ‘Ct+1i > |Ct+2i, and lf A t1,q041 T,é 0, then
precisely

l—C,'

t 7
R C e
(2.18) Al - A~ apig [H (L) ] Vi1 (y;) (log y; )+

i=1
as j — oo.

COROLLARY 2. If

(2.19) lee+1] > leta| > |eeqsl
and agq, #0, k=1t+1,t+ 2, and we set

5 s
(2.20) Py = Z(qk +1)= z v e=1.200
k=1 k=1
then :
Al - A
(2.21) T =B ___ =
j—oo AL — A

Ci

we §

give
rest

(2.

an

pac



ﬁ

‘summjoo la sa1y o) Jeal) [[eys am anbiuyoa) oy} ajeIjsuowap
o], “Apuspuadapur “0ja ‘sUWIN[Od £4 JXaU ) WO T} ‘SUWN[OD &1 JXau a1} U0
uay[) ‘suwinjod la 381y 9yj Uo suoljeulIojsuel} 9say) wiIojiad A[enjoe uwd 9N
(Y)?H JueuiulIaj)ep 9} U0 SUuoljeULIOjsURI} UWN]OD K[UO Ill.IOJ.IBd oM ‘JXON |

‘woospue ‘T+h=15251 ¢ _(ABo)(R)ep = (L)1
G4+B=S1S1 ‘L (AB0)(R)ep = (£)H'6
THB=WSe51 L (RBop)(R)p = (£)% (1€)

qym (8'T) ur uoArd se si (‘()?H ‘811 ‘00 « [ 10§ (Y)?H A[uo yeary o3 ysnoua st
1 ‘ArsnotaqO (01°1) Ul usAld uorjejuasardol [ejUBUIULIDIOP Y3 [IIM 1IRIS DAL

*1'Z WRI0SY T, JO Jooi g €

Lo ((R)"H)o=v - (cz'2)

'UQT_{LL
0=1
(B) N + ()T Hq |j“£ Sop)¥1+t0 z
1—%

()*ﬁ[(ﬁBOI)l*Dle + v=0By - (22

wof ayy wr (1°g) e ()
‘112m sv poyfsyvs s1 (g[°g) doudy

0=t

T+ _ 1 5 1= . 0= 3 My
: (H,D_\,)[ ( )||]E_x vy d§=;\'-f§k {up  (g272)
s n ]

d

fifsyvs oy (1)
‘5 puv [°g swauody ] o} snoboppup aun buimojjof ayy uay [ -ajqissod
OSID sz 0 - 1 maH .4[ S S.i.-. ‘-[ iO — ? 5-[ +J _— 21 pu,n ‘1““‘[ — 3[ Sarb‘... l-[ EO
=1 (fi8o))(f)In suoyounf d ayy aof puvys (g) ur (A)%p ()¢ 3a1 puv

1=y
< iauf T-1H1SsS ‘s+=rnz:d (ZZ'2)
1

s uaaib aq d uabayur ay) 397 "¢ WHMOHH ],
‘MO[oq €7 WAI09T ], SB UaAIS ale s)[nsal
esay(], 'd jo san[ea Sururewral ay) [[e 10 ploy sjnsal reqiuig (Qr°g) ul uaald

sanea 9so1]} AJuo jnq ‘d Jo sen[eA [[€ I9A0D J0U OP Z'Z PUR ['Z SUILIOSY ], MON
“IOULIOJ 91} Ul paurejuod A[[enjoe aIe I19))B[ aY} JeY) 928 oM

‘uor)09s snotaald a1} Ul PaMalAdl S0 IaI[Iea a1} [[}Im s)[nsal aso1]) Jutreduro))

161 SSHOOHd NOILVIOJdVHLXH NOSAUVHOIH UHL 40 NOLLVZI'TVHANTD V

‘h; 1Y




152 AVRAM SIDI

Dividing each of these vy columns by g1(j) = 91(y;), we obtain

i e
' [r(y;)]
1 (logy;) oo (logy;)™ Gur+1(7) £2 4 guld) 1
Ry Yia(logyiv) -+ Y] (logyi4)®  gun(G+1) oo g(i+1) A
12 Viallogwisz) - ¥ ,(logy;42)”  Gu41(G+2) -+ go(G+2) AN
e Wlp(ogyise) -+ ¥l (logyitp)® Gutr(i+p) -+ g(i+p) A
where
=4 wl(y'-‘ra)
3.3 bl = =220 s=0.1,...,
( ) If"l,s tp](y}) iRt

Now from (2.8) we have y;;, = y; H:S (w+e54:), 8=1,2,..., from which we
obtain

(3.4) logyjts = logy; + slogw + O(¢;) as j — oo,

with

(3.5) & = max(le;l, lejanl or Jespml) = 0(1) s j — oo.
Consequently, -

(36)  (logyjts)' = (logy; + slogw)’ + O((logy,) ~'&;) as j — oo,

which, upon invoking the supplementary condition in (2.9), becomes

i (i i
(37) (og5.)" = 3 (1) o) (slog)'* + &5
k=0
with £;,; = o‘(i) as j — oo. Substituting (3.7) in (3.2), and performing

elementary column transformations on the 2nd, 3rd,..., v;th columns in this
order, we eliminate all of the terms involving log y;, and obtain

Hi(\
[¥1(3;)]"
iy i gnti(s) o 1
fia Viallogw+eji,] - Yial(logw)™ +e510]  gu+1(G+1) - A
Vi VialRlogw+elsa] o0 Yo[(2logw)™ +€fa0] Gnr(G+2) - A2
—‘:,p ”i,p[pl‘)gw + E_';i.p,l] e J)“!’,p[(p]og w)ql + E;j.p.q-l] Guvi+1 (J o P) st NE

with &} . ; = o(1) as j — oo. From (3.3) and (2.2) we have for s = 1,2,...,p

V1(Wi+s) V1(Yits—1)  ¥1(y541)
V1(¥jse—1) V1(Yite—2)  vuly;)

{39} ¥, =

=cj+o(l) as j — oo.

e

Thus,
hand

(3.10

In ac

resp

(3.1

We
for
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THEOREM 3.1. The determinant H}(\) satisfies

Hi(x :
(3.16) lim t_E;(_)u__.. = KH(A = )™,
HSaE, Hi:l[’d,"(yj‘.)]y‘ i=1
where K ts a constant that depends only on w,cy,...,c, vy, ..., v, given by
4 qi
(3:17) K= H (H s!) (ei logw)q;valzl H (cs — cx)s
i=1 \s=0 1<k<s<t

The proof of Theorem 2.1 now follows from Theorem 3.1 if we also note that
the ¢; are distinct and different than 1 and w # 1 so that the right hand side of
(3.16) is finite and nonzero as long as A & {¢1, ¢z, ..., }.

4 Proof of Theorem 2.2.

As in Sidi [10], letting

(4.1) r(l) = A(y) — A, 1=0,1,..,

we have fj( ) s
42 Ay il

e Bty 77

Now from (4.1), (2.13), and (3.1), we have

(4.3) r(t) =Y 8igi() + Ru(w), 1=0,1,...,

g

where 8; are the appropriate aj,. Substituting (4.3) in the determinant repre-
sentation of f(r), c.f. (1.6), we have

(4.4) fir)= Z 8 f(g:) + fg(P:),

=1

where g; and p; stand for the sequences {gi(n)}22, and {p:(n) = Ri(yn)}%,
respectively. For i = 1,2,...,p, we have fg (gi) = 0 as its determinant repre-
sentation has two identical columns, namely, the ith and (p + 1)st columns.
Consequently, (4.4) becomes

(4.5) )= fi(p)-

Substituting (4.5) in (4.2), we have, in a manner analogous to (1.7) and (1.9),

the result
P

P
(4.6) A - A=) "2 eli+1) =) % Relyy),

i=0 i=0

from which we have

A GE

(4.7)

From T
Also, (!
even w
in (4.7

To g
the ex

where

(4.9)
(4.10

That
expli
(4.1(
the

wh

(4.
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where we have employed (2.11) (from Theorem 2.1) and (4.13). Similarly,

p
i O
(4.16) lim Z v, ';z:(;”) <.

J_’OC

Combining (4.15) and (4.16) in (4.12), the result in (2.15)-(2.17) now follows.
Corollary 1 follows from (2.16) in a straightforward manner. Corollary 2 fol-
lows directly from Corollary 1.
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Appendix. Proof of (3.15).

The proof of (3.15) can be achieved by performing column transformations on
each of the matrices H;, i = 1,2,...,t, independently, as follows: First notice
that for m > 0

s
(A'l) m® = ZTSk (?:)‘ Ts0 = 09 Tss — 3!1
k=0

where 7, are constants independent of m. That (A.1) holds follows from the fact
that the binomial coefficients (T), k=0,1,...,s, form a basis for polynomials

in m
Nexi
tran

for 1

end



