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1. Introduction

Aerodynamic shape optimization is a very active research field
facing the challenges from highly demanding computational fluid
dynamics (CFD) problems, from optimization with partial differen-
tial equations (PDE) as constraints, as well as from the proper
treatment of uncertainties. This is particularly the case in aerody-
namic aircraft design. In this contribution, we focus on novel devel-
opments in highly efficient deterministic numerical optimization
methods based on shape calculus and in the efficient treatment
of uncertainties in aerodynamic design based on discretized
semi-infinite approaches in combination with problem dependent
sparse grid techniques.

The state-of-the-art in aerodynamic design is defined by deter-
ministic gradient based parametric design optimization, where the
gradient information is produced by an adjoint approach and the
arising optimization problems are solved in a one-shot approach
[1]. These approaches suffer from the following deficits: When
the level of detail of the geometric resolution is increased beyond
some handfuls of geometric parameters, the unavoidable construc-
tion of mesh sensitivities becomes a major bottleneck and impedes
the algorithmic efficiency significantly. Furthermore, a determinis-
tic parametric approach ignores the fact that the exact conditions
of operation of the optimal geometric structure are far less exactly
known as one might think: the macroscopic Mach number, the an-
gle of incident and other constants are known to lie in a certain
ll rights reserved.
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range, rather not at a certain point, the geometry itself undergoes
unknown operational changes due to wear and tear and manufac-
turing inaccuracies. All these deviations from assumed set-points
during the deterministic optimization, may render the supposedly
optimal solution worthless.

Therefore, this paper gives insight into significant enhance-
ments of gradient based shape optimization methods aiming at
removing the deficits of state-of-the-art methods outlined above.
We show in Section 2, how shape calculus can be exploited in order
to compute optimal geometries for aircrafts with arbitrary
resolution with an algorithmic performance comparable to the
conventional parametric optimization approaches. In Section 3,
we attack the additional computational complexity of the treat-
ment of uncertainties in parametric optimal design. Ideally, both
enhancements to the state-of-the-art should be combined to a
robust approach to shape optimization based on shape calculus.
This topic is under current research and there will be further
publications devoted to this issue.
2. Deterministic aerodynamic design based on shape calculus

2.1. Overview on shape sensitivity analysis

Shape calculus summarizes the mathematical framework, when
the shape of an object is the unknown quantity and should be
determined in accordance to a certain (differentiable) goal. For a
gradient based optimization approach the sensitivity information
of an objective function is needed with respect to the shape of
the boundary it is defined on, which is often termed ‘‘shape sensi-
tivity analysis’’. While these methods have been used quite suc-
cessfully to derive theoretical results for optimal shapes, such as

http://dx.doi.org/10.1016/j.compfluid.2010.12.007
mailto:volker.schulz@uni-trier.de
http://dx.doi.org/10.1016/j.compfluid.2010.12.007
http://www.sciencedirect.com/science/journal/00457930
http://www.elsevier.com/locate/compfluid


C. Schillings et al. / Computers & Fluids 46 (2011) 78–87 79
the optimal supersonic Haak body [2] or the rugby-ball ogive
shapes in a Stokes flow [3], most numerical schemes are actually
based on smooth ansatz functions such as the very popular
Hicks–Henne functions [4] or other curve parameterizations such
as b-splines.

Here, however, we use the non-parametric shape sensitivity ap-
proach to numerically conduct large scale shape optimization. In
the following, let the domain under consideration be given by
X � R3 compact with sufficiently smooth boundary C: = oX. We
seek to compute the derivative or sensitivity information of gen-
eral objective functions such as

J1ðXÞ :¼
Z

X
f dA ð1Þ

J2ðXÞ :¼
Z

C
g dS ð2Þ

with respect to the domain X, where f and g are sufficiently smooth
functions. To this end, a deformed domain

Xt ¼ TtðXÞ ¼ fTtðxÞ : x 2 Xg

is considered. The family of bijective mappings Tt is usually chosen
as the perturbation of identity

TtðxÞ ¼ xþ tVðxÞ ð3Þ

or the speed method, where Tt is the solution of the differential
equation

@x
@t
¼ Vðt; xÞ; xð0Þ ¼ x0 2 C: ð4Þ

In the shape optimization context, Eq. (4) is sometimes called
‘‘flow equation’’, which is not the be confused with the fluid state
equation in the context of computational fluid dynamics. Further-
more, V is a sufficiently smooth vector field that takes the role of
the differentiation direction. For the volume case (1), it is easy to
see thatZ

Xt

f dAt ¼
Z

X
f ðTtðxÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det DTT

t DTtðxÞ
q

dAðxÞ

¼
Z

X
f ðTtðxÞÞjdet DTtðxÞj dAðxÞ;

which can easily be differentiated with respect to t:

dJ1ðXÞ½V � ¼
Z

X

d
dt

����f ðTtðxÞÞdetðDTtðxÞÞ dAðxÞ

¼
Z

X
hrf ðxÞ;VðxÞi þ f ðxÞdivVðxÞ dAðxÞ

¼
Z

X
divðf ðxÞVðxÞÞ dAðxÞ: ð5Þ

A similar computation for the surface objective function results in

dJ2ðXÞ½V � ¼
d
dt

���� Z
Ct

g dSt ¼
Z

C
hrg;Vi þ g � ðdivV � hDVn;niÞ dS

¼
Z

C
hrg;Vi þ gdiv½C�V dS; ð6Þ

where divC is the tangential or surface divergence operator. Thus,
the sensitivity equations (5) and (6) can be interpreted as the direc-
tional derivatives in direction V.

2.2. The Hadamard formula

The Hadamard theorem or Hadamard–Zolésio structure
theorem [5,6] states that under some regularity assumptions, the
sensitivity equations (5) and (6) can be expressed as a scalar prod-
uct of the normal component of the perturbation field V with some
shape gradient on the surface of the geometric object to be opti-
mized, i.e.

dJðXÞ½V � ¼ dJðCÞ½hV ;nin�:

For the volume case (5) applying the divergence theorem results in

dJ1ðXÞ½V � ¼
Z

C
hV ;ni f dS:

The surface case, Eq. (6), requires elements form tangential calculus,
especially the tangential Stokes formula. However, one can show
that

dJ2ðXÞ½V � ¼
Z

C
hV ;ni @g

@n
þ jg

� �
dS;

where j: = div[C]n is the additive mean curvature. Thus, formulas
are created which can be very efficiently evaluated numerically
allowing a large scale shape optimization. The need to compute
mesh sensitivity Jacobians is completely circumvented. Instead,
some geometric quantities such as the curvature j must be com-
puted, which can be conveniently done using discrete differential
geometry [7].

For the application in computational fluid dynamics and aero-
dynamic design, the above formula become more complex, be-
cause the usual objective functions such as fluid forces in
addition to a dependence on the PDE fluid state also depend on
the geometry and these quantities must be differentiated accord-
ingly. For a dependence on the normal, one has

Jðg;CÞ :¼
Z

C
gðu;Du;nÞ dS;

where g : Rd � Rd�d � Rd ! R; ðu; f;wÞ#gðu; f;wÞ is a sufficiently
smooth functional. The shape derivative of the above expression
is then given by

dJðg;CÞ½V � ¼
Z

C
hV ;ni½DugDunþ DfgD2unþ jðg � DwgnÞ

þ div½C�ðDwgÞT �dS:
2.3. Shape optimization and the incompressible Navier–Stokes
equations

The incompressible Navier–Stokes equations are considered in a
general setting:

min
ðu;p;XÞ

Jðu;p;XÞ :¼
Z

X
f ðu;Du;pÞdA

þ
Z

C0

gðu;Dnu; p;nÞdS

subject to� lDuþ quruþrp ¼ qG in X

div u ¼ 0
u ¼ uþ on Cþ
u ¼ 0 on C0

pn� l @u
@n
¼ 0 on C�;

where C+ is the inflow boundary, C� is the outflow boundary, and
C0 is the fluid obstacle of which the shape is to be optimized. Here,
f : R3 � R3�3 � R! R and g : R3 � R3 � R� R3 ! R are assumed to
be continuously differentiable in each argument. In order to keep
the notation readable, components of the Jacobian are denoted as
follows:

Du ¼: ½aij�ij 2 R3�3

Dnu ¼ Du � n ¼ @u
@n
¼: ½bi�i 2 R3:
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The surface part g is chosen such that there exists a functional
k : X! Rd satisfying the following conditions on C0:

ki ¼
1
l
@g
@bi

i ¼ 1;2;3

hk;ni ¼ � @g
@p
:

A formal differentiation of the above leads to the gradient
expression [8]

dJðu;p;XÞ½V � ¼
Z

C0

hV ;nif ðu;Du;pÞdSþ
Z

C0

hV ;ni

� ½Dðu;b;pÞgðu;Dnu;p;nÞ � nþ jgðu;Dnu;p; nÞ�dS

þ
Z

C0

hV ;ni �
Xd

i¼1

@g
@ui
þ l @ki

@n
þ
Xd

j¼1

@f
@aij

nj

 !
@ui

@n

" #
dS

þ
Z

C0

hV ;ni ðdiv½C�rngÞ � jhrng;ni½ �dS;

where rng denotes the vector consisting of components @g
@ni

and k
and kp solve the adjoint incompressible Navier–Stokes equations

� lDki � q
Xd

j¼1

@kj

@xi
uj þ

@ki

@xj
uj

� �
� @kp

@xi
¼ @f
@ui
�
Xd

j¼1

@

@xj

@f
@aij

in X

divk ¼ @f
@p

with boundary conditions

k ¼ 0 on Cþ

ki ¼
1
l
@g
@bi

on C0

hk;ni ¼ � @g
@p

on C0

l
@ki

@n
þ q

Xd

j¼1

kjujni þ kiujnj

 !
þ kpni ¼ 0 on C�:
2.4. Shape Hessian approximation and operator symbols

Very efficient optimization methods are usually variants of the
SQP or Newton’s method, which results in the need of higher order
derivative information. However, shape Hessians are very complex
objects and usually need to be approximated in some way. The
above Navier–Stokes problem can be made into an excellent prob-
lem for studying shape Hessians. By choosing the constant density
q = 0, the non-linearity vanishes. Coupled with the minimization of
the kinetic energy dissipation, one arrives at the following problem
where the fluid is modeled by the Stokes equations.

min
ðu;p;XÞ

Jðu;p;XÞ :¼
Z

X
l
X3

i;j¼1

@ui

@xj

� �2

dA

subject to� lDuþrp ¼ 0 in X div u ¼ 0
u ¼ uþ on Cþ u ¼ 0 on C0

pn� l @u
@n
¼ 0 on C�Vol ¼ V0:

The shape derivative of this problem is given by

dJðu;p;XÞ½V � ¼ �l
Z

C0

hV ;ni
X3

k¼1

@uk

@n

� �2

dS; ð7Þ

which means the problem is self-adjoint and the Hessian can be
studied without the need to consider variations in the adjoint
multiplicators k.
Shape gradients can be split in a geometric part, which stems
from variations of the objective with respect to the geometry,
(u,p) due to a change of the domain the PDE is defined on. The idea
presented here from [9, 10] is to study the symbol of the control to
state mapping of the dynamic part only. Considering a sinusoidal
perturbation ~qðxÞ ¼ q̂eixx of some control q, the pseudo-differential
operator nature of the Hessian H can be seen by comparing the in-
put ~q with the output H~q. For example, if

H~q ¼ ixq̂eixx ¼ ix~q

then R(x): = ix is the symbol of the Hessian, and this corresponds
to a classical differential operator of order +1. If, for example, one
has

H~q ¼ �x2q̂eixx ¼ �x2~q

then R(x): = �x2 is the symbol of the Hessian, and this corre-
sponds to a classical differential operator of order +2. However, if

H~q ¼ jxjq̂eixx ¼ jxj~q;

then H is a pseudo-differential operator of order +1.
Assuming flow over a flat plate, the domain X is considered to

be given by

X ¼ fðx1; x2; x3Þ 2 R3 : x3 P 0g:

Thus, at the boundary C ¼ fðx1; x2; x3Þ 2 R3 : x3 ¼ 0g, the outer nor-
mal is given by

n ¼ ð0;0;1ÞT ;

and a complex valued oscillation of the two dimensional flat plate is
described by

x3 ¼ aðx1; x2Þ :¼ eiðx1x1þx2x2Þ;

where i is the imaginary unit. Using this setting, the disturbed gra-
dient from Eq. (7) is given by

eG :¼ �2l
X3

k¼1

@uk

@n
@u0k½a�
@n

¼ �2l
X3

k¼1

@uk

@x3

@u0k½a�
@x3

due to the flat initial domain under consideration. To identify the
symbol of the Hessian, the mapping

Sa :¼ �2l
X3

k¼1

@uk

@x3

@u0k½a�
@x3

must now be characterized by making a appear explicitly in the
right hand side.

Furthermore, the perturbed states u
0
[a] and p

0
[a] are also con-

sidered to be oscillatory:

u0k½a� ¼ ûkeiðx1x1þx2x2Þex3x3

p0½a� ¼ p̂eiðx1x1þx2x2Þex3x3 :

The no-slip boundary condition on x3 = 0 leads to

u0k½a� ¼ ûkae0;

which results in

ûk ¼ �
@uk

@x3
– 0: ð8Þ
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However, the linearized Stokes PDE must also be solved inside the
domain. Applying the Laplace and gradient operator on the distur-
bances u

0
[a] and p

0
[a] is equivalent to

A

û1

û2

û3

p̂

0BBB@
1CCCAaðx1; x2Þex3x3 ¼ 0;

where the matrix A can be thought of as the Stokes equation in the
Fourier space. This is only non-contradictory to the consequences of
the boundary condition (8), if the linearized system matrix A does
not have full rank, which means the determinant of A must vanish:

detðAÞ ¼ l x2
1 þx2

2 �x2
3

� 	
 �2 x2
1 þx2

2 �x2
3

� 	
!
¼

0) x3

¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

1 þx2
2

q
:

Hence, it is possible to remove x3 from the equations and the
local shape derivative of the velocity is given by

u0k½a� ¼ �
@uk

@x3
ae�

ffiffiffiffiffiffiffiffiffiffiffiffi
x2

1
þx2

2

p
x3 ) @u0k½a�

@x3

���� ¼ � @
2uk

@x2
3

� @uk

@x3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

1 þx2
2

q" #
a;

and the operator S is given by

S ¼ �2l
X3

k¼1

@uk

@x3
� @

2uk

@x2
3

� @uk

@x3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

1 þx2
2

q" #
: ð9Þ

In two dimensions, one can assume x2 	 0 and the symbol becomes

�jx1j;

which is the symbol of a pseudo-differential operator of order +1
closely related to the Dirichlet-to-Neumann map. For a true pseu-
do-differential operator with symbol jxj, a discretization using fi-
nite differences or surface finite elements is not straight forward.
A symbol which can much more easily be approximated is x2,
and this corresponds to the tangential Laplace operator, also known
as Laplace–Beltrami operator DC. Thus, the discrete Hessian is
approximated by

Hh 
 kDh
C þ I;

where I 2 Rm�m is the identity matrix for m surface mesh nodes and
k is an appropriately chosen smoothing parameter.

2.5. Aerodynamic design using shape calculus

We conclude this section with the application of the above to a
large scale aerodynamic design problem. The single set-point
shape optimization of the ‘‘Very Efficient Large Aircraft (VELA)’’
blended wing-body aircraft is discussed. The inviscid fluid is mod-
eled by the compressible Euler equations and the shape is to be
optimized such that the pressure or wave drag in a transonic cruise
of Mach 0.85 is minimized while the lift is kept constant. Thus, the
optimization problem reads

min
ðq;u;E;XÞ

CDðq;u; E;XÞ

subject to
Z

X
divðquÞ dA ¼ 0Z

X

X3

j¼1

@ðquiujÞ
@xj

� �
þ @p
@xi

dA ¼ 0Z
X

divðqHuÞ dA ¼ 0 hu; ni ¼ 0 on C0

CL ¼ CL0 Vol ¼ V0:
Here, the first three constraints are the Euler equations, and the
pressure p is linked to the conserved variables

U :¼ ðq;qu;qEÞT

by the perfect gas law

p ¼ ðc� 1Þq E� 1
2
kuk2

� �
and H is the fluid enthalpy. The condition hu,ni = 0 is the Euler slip
boundary condition on the aircraft surface C. The farfield boundary
conditions are usually more complex involving characteristics and
are thought of as treated by the flow solver discretely.

Since the gradient based optimization method needs sensitivity
information for both the objective function and the lift constraint,
the generalized inviscid fluid forces

JðU;XÞ ¼
Z

C0

hp � a;nidS ð10Þ

are considered, where a is a constant vector describing the rotation
of the coordinate system, such that both drag, lift, and the appropri-
ate angle of attack are considered simultaneously. The shape deriv-
ative of Eq. (10) is given by [11]

dJðU;XÞ½V �

¼
Z

C0

hV ;ni @ðp � aÞ
@n

n� kUH
@u
@n

;n
� �

þdiv½C�ðp � a� kUHuÞ�dS ð11Þ

¼
Z

C0

hV ;ni @ðp � aÞ
@n

n� kUH
@u
@n

;n
� 

þ jhp � a;ni
� �
þ hp � a� kUHu;dn½V �i dS: ð12Þ

Additionally, UH is the vector of conserved variables with the
last component replaced by qH. The adjoint variables k are given
as the solution of [12,13]

� AT
1
@

@x1
k� AT

2
@

@x2
k� AT

3
@

@x3
k ¼ 0 in X

ðk2; k3; k4ÞT ;n
D E

¼ �ha;ni on C0;

where the Ai are the Euler flux Jacobians.
The VELA mesh consists of 115,673 surface nodes and 5,859,435

tetrahedra in the volume. Thus, there are approximately 29.3 � 106

unknowns for the fluid, which are computed using the DLR flow
solver TAU. The planform of the aircraft is kept constant, such that
113,956 surface nodes of the CFD mesh are the design unknowns
for the shape. At cruise condition of Mach 0.85 and 1.8� angle of
attack, the initial drag value is CD = 4.77 � 10�3 and the initial lift
coefficient is CL = 1.787 � 10�1. The initial and optimized shapes
are shown in Fig. 1. The upper side transonic shock wave is com-
pletely removed, such that the optimized aircraft features a drag
value of CD = 3.342 � 10�3, an improvement by 30.06%, and the lift
with CL = 1.775 � 10�1 is kept within 0.67% of the original value.
The optimization history is shown in Fig. 2.

3. Efficient treatment of uncertainties

In this section, we consider the shape optimization problem
influenced by aleatory uncertainties which arises because of natu-
ral, unpredictable variations of the boundary conditions. Addi-
tional knowledge cannot reduce aleatory uncertainties, but it
may be useful in getting a better characterization of the variability.
In order to formulate the robust design optimization problem, the
boundary conditions and input parameters are analyzed to identify



Fig. 1. Initial and optimized VELA aircraft. Color denotes pressure.
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the uncertainties which cannot be avoided at all before construct-
ing an aircraft [14]. Beside the scalar-valued uncertainties , e.g. like
angle of incidence, the velocity (Mach number) of the plane, in the
macroscopic flight conditions, the aircraft geometry itself can be
identified as an uncertainty source due to manufacturing toler-
ances, temporary factors like icing e.g. or fatigue of material. In
the following, we will consider geometrical uncertainties in order
to produce a design which is robust to small perturbations of the
shape itself. In the literature, there can be found only a few papers
on this topic investigating the influence of variations of the profile
[15,16]. The general approach pursued in this paper is to apply a
Karhunen–Loève-expansion to approximate the infinite-dimen-
sional probability space modeling the geometrical uncertainties.
The quantities of interest are expanded in a series of orthogonal
polynomials by a non-intrusive Polynomial Chaos expansion to
quantify the output of the solution with respect to the uncertain-
ties. To overcome the curse of dimensionality an adaptively refined
sparse grid is used.
3.1. Modeling geometrical uncertainties

The geometrical uncertainties depend on the geometry itself, so
they are modeled as a Gaussian random field

r : C� O! R; ð13Þ

defined on a probability space ðO;A;PÞ and on the shape of the air-
foil C. In each point x of the shape C, the uncertainty is described by
a normally distributed random variable rðx; �Þ : O! R. Additionally,
the second order statistics, the mean value and the covariance func-
tion, are given to fully describe the random field:

E rðx;xÞð Þ ¼ r0ðxÞ ¼ 0 8x 2 C; x 2 O ð14Þ

Covðx; yÞ ¼ b2 � exp �kx� yk2

l2

 !
8x; y 2 C ð15Þ

The parameter l determines how quickly the covariance falls off
and b controls the magnitude of the bumps. A squared exponential
covariance function is chosen, since the resulting perturbed geom-
etry is smooth due to the smoothness of the random field.

Then, a perturbed geometry is given as

vðx;xÞ ¼ xþ rðx;xÞ �~nðxÞ 8x 2 C;x 2 O ð16Þ

where~n is the unit vector in x normal to the profile C. As we need to
compute statistics of the aerodynamic flow depending on the
uncertainty in our optimization algorithm, we have to approximate
and discretize the probability space. This is performed by applying
the Karhunen–Loève-expansion which provides an approximation
of the random field r for the numerical evaluation of such statistics.

3.2. Karhunen–Loève-expansion

The Karhunen–Loève (KL) expansion, also known as Proper
Orthogonal Decomposition, represents the random field as a infi-
nite linear combination of orthogonal functions chosen as the
eigenfunctions of the covariance function [17,18]. The Karhunen–
Loève-expansion of the Gaussian random field r is given as:

rðx;xÞ ¼ r0ðxÞ þ
X1
i¼1

ffiffiffiffi
ki

p
ziðxÞYiðxÞ ð17Þ

¼
X1
i¼1

ffiffiffiffi
ki

p
ziðxÞYiðxÞ; x 2 C; x 2 O ð18Þ

where k1 P k2 P� � �P ki P� � �P 0 and zi are the eigenvalues and
eigenfunctions of the covariance function Cov which is symmetric
and positive definite by definition. The deterministic eigenfunctions
zi are obtained from the spectral decomposition of the covariance
function via solution ofZ

C
Covðx; yÞziðyÞdy ¼ kiziðxÞ; x; y 2 C: ð19Þ

Having the eigenpairs, the uncorrelated Gaussian random variables
Yi in Eq. (18) can be expressed as

YiðxÞ ¼
1ffiffiffiffi
ki
p

Z
C
rðx;xÞziðxÞdx; x 2 O; j ¼ 1;2; . . . ð20Þ

with zero mean and unit variance, i.e. EðYiÞ ¼ 0 and EðYiYjÞ ¼
dij for j ¼ 1;2; . . . [19]. In the special case of a Gaussian random
field, uncorrelated random variables are independent as well, which
is an important property we will need later on for the sparse grid.

Truncating now the Karhunen–Loève-expansion after a finite
number of terms, we obtain the approximation of the random field
r

rdðx;xÞ ¼
Xd

i¼1

ffiffiffiffi
ki

p
ziðxÞYiðxÞ; x 2 C; x 2 O: ð21Þ
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The corresponding covariance function is given by

Covdðx; yÞ ¼
Xd

i¼1

kiziðxÞziðyÞ; x; y 2 C: ð22Þ

The eigenfunction basis {zi} is optimal in the sense that the mean
square error resulting from the truncation after the dth term is
minimized [20].

The following approximation error representation is then
obtained by Mercer’s theorem [21]

lim
d!1

sup
C

Z
O

ðr� rdÞ2
� �

¼ lim
d!1

sup
C

X1
j¼dþ1

kjz2
j

 !( )
¼ 0: ð23Þ

So, rd may provide a suitable approximation of r, if the eigenvalues
decay sufficiently fast and d is large enough [19]. If one assumes a
Gaussian covariance function (cf. (15)), the eigenvalues will expo-
nentially decay towards zero [22]. This paper [22] also provides a
fast algorithm based on a kernel independent fast multipole method
to compute the Karhunen–Loève approximation. Alternatively, a
Krylov subspace method with a sparse matrix approximation using
sparse hierarchical matrix techniques can be used to solve the large
eigenvalue problem arising from the KL expansion [23].

3.3. Uncertainty quantification using Polynomial Chaos

In order to determine the effects of uncertainties in the input
data on quantities of interest in the output of a simulation, we ap-
ply a non-intrusive Polynomial Chaos (PC) approach which was
originally based on the theory of homogeneous chaos [24]. The ba-
sic idea of PC is the expansion of the stochastic outcome in a series
of orthogonal polynomials with respect to the density function of
the random input. We consider a function g depending on the state
vector y, the design variables p and the approximated random field
rd, e.g. the drag or the pressure distribution. Using a PC approach, g
is expanded in a series of orthogonal polynomials with respect to
the distribution of the random input vector rd

gðy; p;rdðxÞÞ ¼ gðy; p;Y1ðxÞ; . . . ; YdðxÞÞ ð24Þ

¼
X1
i¼1

giðy; pÞ �UiðY1; . . . ; YdÞ ð25Þ

with gi(y,p) deterministic coefficient functions, Ui multidimensional
orthogonal polynomials determined by

hUn;Umi ¼
Z
O

UnðY1; . . . ; YdÞUmðY1; . . . ;YdÞdPðxÞ

¼
¼ 0; if n – m
–0; if n ¼ m

�
; 8m;n 2 N;

where P denotes the d-dimensional probability measure of the ran-
dom vector (Y1,. . .,Yd). Since the KL expansion of the Gaussian ran-
dom field r leads to a random vector rd of d independent
Gaussian random variables, the stochastic outcome is expanded in
a series of Hermite polynomials. As Eq. (25) indicates, the method
allows a separation of the deterministic and stochastic part of the
solution. In practice, one truncates the infinite expansion at a finite
number of random variables and compute the statistics approxi-
mately by

gðy; p;rdðxÞÞ 

XM

i¼1

giðy;pÞ �UiðY1; . . . ; YdÞ: ð26Þ

Based on the theorem by Cameron and Martin [25], the
unknown coefficients are given by
gkðy;pÞ ¼
hgðy;p; �ÞUki
hU2

ki
ð27Þ

¼ 1
hU2

ki

Z
O

gðy; p;Y1; . . . ;YdÞ

UkðY1; . . . ;YdÞdcdðxÞ ð28Þ

k = 1,. . ., M, where dcd(x) is the d-dimensional Gaussian measure. In
the literature, there can be found a more in depth discussion of the
non-intrusive PC approach [20,26,27].

3.4. Semi-infinite robust design

The usual single set-point aerodynamic shape optimization
problem can be described in the following rather abstract form
of an optimization problem with equality and inequality
constraints

min
y;p

f ðy;pÞ ð29Þ

s:t:cðy; pÞ ¼ 0 ð30Þ
hðy;pÞP 0 ð31Þ

Now, we think of Eq. (30) as the discretized outer flow equation
around, e.g., an airfoil described by geometry parameter p 2 Rnp .
Rather than more general investigations on aerodynamic shape
optimization [28], we assume that a finite parametrization of the
shape to be optimized is given. The vector y is the state vector
(velocities, pressure,. . . ) of the flow model (30) and we assume that
(30) can be solved uniquely for y for all reasonable geometries p.
The objective in (29) f : ðy;pÞ#f ðy;pÞ 2 R typically is the drag to
be minimized. The restriction (31) typically denotes lift or pitching
moment requirements. To make the discussion here simpler, we as-
sume a scalar-valued restriction, i.e., hðy; pÞ 2 R. The generalization
of the discussions below to more than one restriction is straight for-
ward. In contrast to previous papers on robust aerodynamic optimi-
zation, we treat the angle of attack as a fixed parameter which is not
adjusted to reach the required lift [29–31]. The general determinis-
tic problem formulation (29)–(31) is influenced by stochastic
perturbations. In the literature, min-max formulations and also
chance constraint formulations can be found. According to our
experience the semi-infinite formulation discussed below has been
most successful. Here, the robust version of the nonlinear program-
ming problem is written in the form of a semi-infinite optimization
problem [30,32].

min
y;p

Eðf ðy;p;rð�;xÞÞÞ ð32Þ

s:t:cðy; p;rð�;xÞÞ ¼ 0; 8x 2 O ð33Þ
hðy;p;rð�;xÞÞP 0; 8x 2 O ð34Þ

Semi-infinite optimization problems have been treated directly
so far only for rather small and weakly nonlinear problems [33]. In
order to compute the mean in the objective function, we apply the
KL expansion to the random field r and replace f by the introduced
PC approximation which leads to the following optimization
problem

min
y;p

E
XM

i¼1

fiðy;pÞ �UiðY1; . . . ;YdÞ
 !

ð35Þ

s:t:cðy; p;rdð�;xÞÞ ¼ 0; 8x 2 O ð36Þ
hðy;p;rdð�;xÞÞP 0; 8x 2 O: ð37Þ

Due to the orthogonality of the Hermite polynomials Uk, (35)–
(37) is equivalent to
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min
y;p

Z
O

ðf ðy;p;Y1; . . . ;YdÞdcdðxÞ ð38Þ

s:t:cðy; p;rdð�;xÞÞ ¼ 0; 8x 2 O ð39Þ
hðy; p;rdð�;xÞÞP 0; 8x 2 O: ð40Þ

For the numerical treatment of complicated design tasks, one has to
approximate the integral in the objective (38) resulting in the form
of a multiple set-point problem for the set-points fri

dg
N
i¼1:

min
yi ;p

XN

i¼1

f ðyi; p;ri
dÞmi ð41Þ

s:t:cðyi;p;ri
dÞ ¼ 0; 8i 2 f1; . . . ;Ng ð42Þ

hðyi;p;ri
dÞP 0; 8i 2 f1; . . . ;Ng: ð43Þ

where mi denote the quadrature weights. The discretized semi-
infinite formulation (41)–(43) looks similar to the common deter-
ministic multipoint approach. But one should be aware that the
proposed stochastic formulations provide a more general frame-
work for the treatment of uncertainties allowing the proper defini-
tion of measure of robustness and the integration of additional
information of the uncertain input data. The weights mi in (41)
resulting from the numerical computation of the mean value
(32) are based on the distribution of the input uncertainties. The
approximation and discretization of the probability space using a
goal-oriented KL expansion and an adaptive sparse grid strategy
in order to formulate the introduced multiple set-point problem
(41)–(43) are discussed in the following in more details.

3.5. Reduction of the dimension of the probability space using a goal-
oriented Karhunen–Loève basis

Considering the integral (38), one term more in the truncated
KL expansion to increase the approximation accuracy results in
an integral of one dimension higher. In order to reduce the compu-
tational effort, the orthogonal basis functions {zi} will be chosen
goal-oriented, i.e. the individual impact of the eigenvectors on
the target functional will be taken into account. This method is
well established in the model reduction methods of dynamic sys-
tems and the adaptive mesh refinement [34]. The idea is to develop
an error indicator for the individual eigenvectors reflecting the
influence on the drag. The introduced error analysis of the KL
expansion only gives the approximation error of the random field
r, but not of the function of interest f(y,p,r). We propose to use
sensitivity information to capture the local sensitivities of the drag
with respect to the eigenvectors

gi :¼ df
dzi
¼ �k>

@c
@zi
þ @f
@zi

; 8i ¼ 1; . . . ;d ð44Þ

where k solves the adjoint equation. The adjoint equation is inde-
pendent of i, hence it has to be solved only once and the indicator
gi is numerically cheap to evaluate. Now, the reduced basis fẑig
can be automatically selected, the eigenvector zi with a large value
gi have to be kept in the reduced basis, whereas a small value indi-
cates that the basis vector can be rejected from the basis.

3.6. Locally refined dimension adaptive sparse grid for high-
dimensional integration

Since the function evaluations are very expensive in our appli-
cation, we introduce in this section an adaptive sparse grid strategy
in order to further reduce the number of grid points but conserving
the approximation quality. The reduction of computational effort
can be achieved by using spatially adaptive or dimension-adaptive
refinement [35,36]. The main advantage of the dimension-adaptive
refinement strategy is the fact that one can use problem dependent
quadrature formulas in order to construct the adaptive sparse grid.
First, a generalization of sparse grids will be introduced which al-
lows to weight the dimensions according to their importance on
the target functional [36–39]. The original sparse grid S of order
J combines all the incremental functions, defined as Di ¼ Qiþ1�
Qi; Qj 1D quadrature formula of order j, which sum up to order J

SðJ; dÞðf Þ ¼
X
jij6J

Di1 � � � � � Did
� �

ðf Þ; ð45Þ

that means only those indices are considered which are contained
in the unit simplex jij 6 J. A more general index set is now allowed
which can be adaptively chosen with respect to the importance of
each dimension [36,40] . An index set I is called admissible if "i 2 I

i� ej 2 I; 81 6 j 6 d; ij > 1;

where ej 2 Rd is the jth unit vector. The generalized index set I con-
tains for an index i all indices which have smaller entries in one or
more dimensions. Due to this fact, the incremental sparse grid for-
mula is still well defined for the new index sets and is given as

SðJ; dÞðf Þ ¼
X
i2I

Di1 � � � � � Did
� �

ðf Þ: ð46Þ

The generalized definition of sparse grids includes the original
sparse grid and the full tensor grid definition. Further, Eq. (46) par-
ticularly leaves more flexibility to the choice of the grids and there-
fore allows to handle anisotropic problems. In the following, an
algorithm is introduced which automatically computes an admissi-
ble index set in a dimension adaptive way [36,40]. We start with the
coarsest sparse grid, that means I = {(0,. . .,0)} and successively add
new indices such that

� the new index set remains admissible
� the approximation error is reduced.

For the second point, an error indicator is needed. Taking a look at
the difference formula (46), the term

Di ¼ Di1 � � � � � Did
� �

ðf Þ ð47Þ

indicates the reduction in the approximated integral for each new
added index, so that we directly use Di as an error indicator for
the adaptivity. As mentioned before, the main advantage of the
dimension-adaptive refinement is the fact that the quadrature for-
mulas can be chosen problem dependent. Considering geometry
uncertainties described by a Gaussian random field, the Gauß–Her-
mite formulas are an appropriate choice for the quadrature. The
Gauß–Hermite quadrature formulas are weakly nested, that means
the rules of odd order all include the abscissa 0. Since the nesting is
a favorable feature constructing the sparse grid, only the Gauß–Her-
mite quadrature of order 1, 3, 7, 15 are taken into account in the
numerical results in order to construct the dimension adaptive
sparse grid.

3.7. Numerically computed robust aerodynamic designs

The numerical solution strategy is based on the one-shot
approach [41–44]. Additionally, we have employed an active
set strategy, which uses the worst violation of the lift constraint
as the active set in each iteration. The robust optimization under
shape uncertainties of a transonic RAE2822 profile in Euler flow
is considered. We use the flow solver TAU provided by DLR
which allows the computation of gradients by the adjoint ap-
proach. The TAU Code is a CFD software package for the predic-
tion of viscous and inviscid flows about complex geometries
from the low subsonic to the hypersonic flow regime employing
hybrid unstructured grids. The profile is described by 129 sur-
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face grid points and the airfoil is parametrized by 21 Hicks–
Henne functions. The geometry uncertainties are characterized
by a Gaussian random field and the following second order
statistics
Eðrðx;xÞÞ ¼ 0 8x; y 2 C ð48Þ

Covðx; yÞ ¼ ð0:005Þ2 � exp �kx� yk2

ð0:1Þ2

 !
ð49Þ
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The distribution of the eigenvalues using the KL expansion of the
given random field (48) and (49) is shown in the next Fig. 3.

As stated before, the eigenvalues exponentially converge
towards 0. For the numerical results below, we have considered
only the first four eigenvalues and eigenvectors to represent the
random field r of perturbations. The corresponding eigenvectors
are shown in Fig. 3. To further reduce the computational effort,
we investigate the influence of the individual eigenvectors in order
to reject those eigenvectors from the reduced basis which have no
impact on the target functional. As Fig. 4 shows, the third eigenvec-
tor has no impact on the objective function, hence it can be re-
jected from the Karhunen–Loève basis and the dimension of the
integral is reduced. This behaviour is also reflected by the intro-
duced indicator.

The use of Gauß–Hermite formulas with an adaptive sparse grid
strategy results in a grid consisting of 21 points for a given error tol-
erance of 10�5. Compared to a full tensor grid approach, a reduction
by factor 10 can be observed (cf. Fig. 5). The next Fig. 6 compare the
results of the robust optimization and of the single set-point optimi-
zation, i.e. without considering any uncertainties in the optimiza-
tion. The drag and lift performance is plotted against the 21
perturbed geometries and the dashed line in Fig. 6 indicates the
mean value of the drag. The robust optimization improves the mean
value of the target functional and also leads at the same time to a bet-
ter lift performance over the whole range of perturbations, whereas
the single set-point optimization is infeasible in more than the half
of the considered grid points. Summing it all up, it can be said that
the robust optimization leads to a better lift to drag ratio than the
single set-point optimization and the resulting profile is more robust
against small perturbations of the shape itself.
4. Conclusion

The discussions above demonstrate how the current state-of-
the-art of deterministic parametric shape optimization for aircraft
design can be improved significantly in terms of accuracy and effi-
ciency by the usage of the shape calculus and in terms of practica-
bility by employing robust design formulations for mitigating the
effect of unavoidable uncertainties in the overall design problem
formulation. It is to be expected that a combination of both meth-
odologies leads to novel efficient, robust and accurate methods for
aerodynamic design.

The extension of the methods presented here to the viscous
laminar case, i.e. the compressible Navier–Stokes equations with-
out turbulence modeling, is straight forward [10]. However, the
popular Reynolds Averaged Navier–Stokes Equations (RANS) with
turbulence modeling pose some difficulties for the shape calculus
approach, as most turbulence models have elements that make
the derivation of the analytic adjoint equations needed for shape
calculus non-standard. However, this can easily be circumvented
by considering a frozen eddy viscosity approach and there are also
reports of successful uses of analytically adjointed turbulence
models [45]. With respect to robust optimization and uncertain-
ties, the inclusion of viscosity and substitute turbulence models
is straight forward.
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