NASA Technical Memorandum 110295

Investigation of Low-Reynolds-Number
Rocket Nozzle Design Using PNS-Based
Optimization Procedure

M. Moin Hussaini and John J. Korte
Langley Research Center, Hampton, Virginia

November 1996

National Aeronautics and
Space Administration
Langley Research Center
Hampton, Virginia 23681-0001



Abstract

An optimization approachto rocket nozzle design, based onomputationalfluid
dynamics (CFD) methodology, idnvestigatedfor low-Reynolds-numbercases. This
study is undertaken to determine the benefits of this approach over tluasssafaldesign
processes such as Rao’s metho& CFD-basedoptimization procedure, usinghe
parabolizedNavier-Stokes(PNS) equations, is used design conical and contoured
axisymmetricnozzles.The advantageof this procedureis that it accountsfor viscosity
during the design processpther processesmake an approximated boundary-layer
correctionafter aninviscid design iscreated. Results showedignificantimprovementn
the nozzlethrust coefficient over that of the baselinecase;however,the unusualnozzle
design necessitates further investigation of the accuracy of the@N8ongor modeling
expanding flows with thick laminar boundary layers.

Introduction

Two low-Reynolds-numberocket nozzleshave beerdesignedby usinga CFD
based optimization procedure. The investigation entailed the following five steps:

(2) Link a well-tested computational dynamics (CFD) code to an optimization
computer code.

(2) Create an objective function for the thrust.

(3) Obtain previously studied nozzle geometry that were classically designed.

(4) Optimize those cases with CFD.

(5) And compare the thrust coefficients of the CFD based designs with those of the
classically designed cases.

The study was conducted to determivigetherCFD contributeda significant performance
advantagever classicaldesignmethodsin the optimization of rocket nozzleswith large
boundary layersCFD-basedoptimizationhas provedighly beneficialin the design of
hypersonic wind-tunnel nozzles, in which the viscous effects areniginy If CFD-based
optimizationprovesbeneficial for low-Reynolds-numberocket nozzles,then significant
advancement will be realized in the design prooésssistojets, arcjets, amthernozzles
that are designed for low chamber pressures.

Relevance and Background

With an increasing demand for the reduced cost of space endeageescherare
forced to investigatenew technologiessuch asimproving fuel economy. Greaterfuel
efficiency canbe achievedn satellitesand spacecraftvith the design ofbetterpropulsion
and positioning systems. A push forimprovedtechnologyin this areahas led to the
developmentof rocket nozzles that can operate effectively and reliably in space.
Resistojets, for example, meet the high efficiency and high reliability requireofespiace
travel? These rocketare not intendedfor theinitial launchfunction, norarethey ableto
create thrust forces comparable to thoteonventionakockets;rather,their purpose ifo
produce small amountsof thrust over long periods of timég gradually acceleratea
spacecrafup to a certainspeed. Tanmeettheserequirementsa resistojetnozzle must be
able tooperateat low chambempressures and must be samallas possiblen size. Low-
Reynolds-numbenozzlesdiffer from conventionahigh-Reynolds-numbeiocket nozzles
becauseof the large boundarylayer that is presentat the nozzle exit. Despite their
unconventionalitytheselow-Reynolds-numbenozzlesare still primarily designedusing
conventional means. Furthermore, despite the need for efficiency, relatively littlehefort
been devoted to developing methods for designing low-Reynolds-number thrust nozzles.



Existing Methods for Rocket Nozzle Design

In the early years ofrocketnozzledesign,conicalnozzleswere designedbecause
methodologydid notexistfor the design ofefficient contourednozzles. Although they
werenecessanat the time, conical nozzleswere aninadequatesolution. Suchnozzles
resultedin performancdossesbecausehey did not produceaxially directedexhaust;in
some caseshesenozzleswere excessivelyheavy becauseof their length. Short and
efficient contourednozzleswere finally developedwhen the truncated perfect nozzle
approach was pioneered; in this approachind-tunnelnozzlewas designedor uniform
flow and then truncated at a much shorter lengthlberg et al 2 presentsome resultghat
wereobtainedby using thismethod;Hoffmarf discusses someariationsof the original
method.

Within the sametime period, amalternateapproacho this problem, based otme
calculusof variations, wagormulated. This methodwas firstinvestigatedoy Guderley
and Hantschand wasimprovedupon byRao? Accordingto the procedureoutlined by
Rao, the length, ambientpressure,and flow propertiesin the immediatevicinity of the
throat are the governing conditions under which thrust ignaximized. This classical
process assumeisat an isentropicflow existsin the nozzle;thus, a variationalintegralis
formulated by taking into account an appropriately selected control surface. The solution of
the variational integral yields certdilow propertieson the control surface, andhe nozzle
contour is constructedby the method of characteristicsto give the desired flow.
Historically, Rao’s method has been considdhebest, astherclassicalapproachesall
to surpass itperformance.However,the one drawbackto Rao’s method, which igs
dependence on an inviscid design, leaves room for improvement.

Classical procedures abased on aapproximationof viscouseffects;theseolder
methods rely on an inviscid design (such as the Rao’s method of design). Afteiseiad
design haseencompleted,a boundary-layercorrectionis addedto compensatdor the
viscous effects. Becausenviscid and viscous effects could not be calculated
simultaneously the effects of such frictional phenomenonwere approximatedwith a
boundary-layercorrection. Although this type of procedurds reliableto a certainextent,
aninherentamountof error existan any approximation. For instancejn the design of
hypersonic wind-tunnel nozzles, Candler and Peflghewed that classical methooigak
down whenthe boundarylayer reacheshe sameorder of magnitudeas the local radius.
Similar results were also found ym? for low-Reynolds-numberocketnozzles. Thus,
as the Reynolds numbef a nozzledecreaseso doegshe accuracyof the boundary-layer
correction. In turn, Rao’s desigmethodbecomedesseffective becausat relies on the
boundary-layeapproximationto correctfor viscous effects.An alternativeto calculating
theinviscid and viscous flowseparatelys to numericallysolve the Navier-StokegNS)
eqguations; with these equations, viscous effects can be accurately determittezipast,
computational capability was such that the NS equations could nisEoén the design of
contours. More recentadvancesn computationatechnologyhave allowed scientiststo
calculatethe NS equations, whicpreviouslyhadto be simplified for computation.Such
advanceshave given rise to efficient CFD codesthat have eliminated the need to
approximate viscous effects in aerodynamic design.

In this study,CFD-basedlesign waspredictedto show significant improvement
over classical design procedureko testthis hypothesis, thrugiptimizationin resisto-jet
nozzleswas chosemecausat is anarealikely to benefit significantly from CFD-based
design. Kini states,“ongoing researchin low thrustspacepropulsion hagesultedin
many high-performancepacepropulsionrocketssuch as arcjetsesistojetsand magneto
plasma dynamic thrusters.Resistojet nozzleshavevery low Reynolds numbers aiage
not well suited to classicaldesign proceduresbecausesuch thrustersoperateat low
chamber pressures. ThHemensionsof suchnozzlesaresmall, andthe Reynoldsnumber
is low; consequentlythe viscouseffectsarehigh. Neverthelesshe classicalmethod of
design isstill widely usedin determiningnozzlewall contour. A designimprovementin



such nozzleswould bea significant developmentand CFD is anappropriatetool for
realizing this goal.

CFD-Based Optimization

The use of CFD codes in design has usually been to prodidechanalysisof the
performanceof existingor proposed designs; CFD codes/e beertoupledwith design
proceduredor a limited numberof applications. The most powerful andyeneralCFD
designproceduresare based on solving aaptimizationproblem. A typical design or
optimization includes the following steps:

(1) The design requirements are specified.

(2) An objective function is constructed, the minimum or maximum of which

yields the design requirements.

(3) The set of design parameters or variables is specified.

(4) An initial value for each of the design parameters is estimated.

(5) An initial CFD solution is computed by using the estimated design parameters.

(6) The objective function is computed from the difference between the design

requirements and the computed solution.

(7) The sensitivity of the objective function to the design parameters is calculated

(sensitivity coefficients).

(8) An optimization problem is solved to generate a new set of design

variables.

(9) A new CFD solution is computed and compared with the design requirements.

(10) If the design requirement is met or a minimum or maximum is reached, then

the procedure stops, otherwise the process is repeated from step 6 onward.

In this investigation, thabove-mentionedptimizationprocedurehasbeenapplied
to the design oflow-Reynolds-numberocketnozzles. Focomputationalefficiency, the
nozzle flow field was computed iwo steps. Thefirst step wago computethe subsonic
and transonic flow regions with the NS equations. This step is time iteratiie) makes
it a time consuming but necessatgp. Uponconvergencef the NS equationsa subset
of the same equations can be usechtwe quickly determinethe supersonigortion of the
flow field. The subset offormulasis known asthe parabolizedNavier-Stokes(PNS)
equations. Theseformulas are simplified or parabolizedby neglectingboth streamwise
diffusion effectsanda portion of the subsonicstreamwisegressure gradient. Asresult,
the PNS equationscanbe integratedby using efficient space-marchingechniques. For
many practical flow fields, the approximations méyethe PNS codearevalid as long as
streamwiseseparatiordoes nobccuror as long ashe expansions not too large. For a
more detailed description of this procedure, see Korte’et all.

With the increaseduse of supercomputers, both CFD a@#&D-baseddesign
optimization have become significantly faster and more efficient. lauhrentstudythese
new techniguesvere successfullyusedto improve the existing design process for low-
Reynolds-numberocket nozzles. Gainsn thrust of greaterthan 3 percenthave been
obtained for a very simple nozalall geometry. Thigpaperdiscusseshe results andhe
methodology used. In thiswork, the CFD-basedthrust optimization process is
demonstrated by optimizing a low-Reynolds-numibeustnozzlefor conditionsthat have
been previously investigated by other researchers.

Numerical Methods

The CFD solutions for the nozzles are calculated with the code descriRefl if. The
nozzleis divided into two regions forimproving computationalefficiency: the subsonic-
transonic section and the supersonic-hypersonic section. In the subsonic-traestoig



the full NS equations are solved. In the supersonic-hypersonic sebadi\S equations
are solved.

Transformation to Computational Coordinates

The physicaldomainis transformednto computationakpaceby usingthe generalized
transformation

S(xy)=E, n(x.y)=n 1)

whereé represents the streamwise direction gnslthe crossflow direction.

The nozzlewall radius orheight y(x) is defined by using a set of points,the
coefficientsto a spline, or aranalyticalexpression. Foa given streamwisdocation,the
stretching transformation of Roberts can be used dibheusterpointsat the wall only or
at the wall andhe centerline’® For the extremelythin boundarylayerstypically found in
the throat region, neither of these stretching functions is satisfactory. If points are clustered
only near the wall, then an insufficient number of points is at the centerlirtbeasolution
deterioratesn that region. Likewise, if pointsare stretchedat both the wall and the
centerline thenan insufficient numberof points islocatedin the middle of the domainto
accuratelycomputethe flow field. To overcomethis problem, twaodifferent stretching
functions can be blended together by using a fourth-order polynonijafin

This transformation is given by

y0/ywx) =
@-n*)1- B + 28.{ 1+[(B.+ 3/(B.- 3|}
+n*(B, - 26,{1+[(8,+ 3/(8,- I]'}) ?
1= (== ©

The coefficien{3 is a positive number greater than 1. The closeiigto 1, the more
clustered the grid becomes. The first line of equation (2) clusters the points at the centerline

based on the value gf, and the second line clusters the points at the wall basgg on

The clustering at the centerline is held fixegat1.02, the clustering at the wall is selected
for each particular case.

Optimization Setup

In this sectionthe assumptioris madethat the shape othe subsonic-transoniaozzle
contours of the nozzle has been specified and that an NS solutibedra®mputed. The
PNS solver usedh reference(9), (with someminor modifications)is coupledto the
optimization program described below.

Objective Function

A nonlinear optimization problem is solved to determine the design parameters by the
minimization or maximization of an objective function. An objective funddbi is
dependent on a set of design paramefers



Aexit

Obj(X) = f (pu? + p)dA (4)

wherep, u, p, andA are the local density, axial velocity, pressure,and cross-sectional
area, respectively. For a rocket nozgdej(X)is defined as the exit thrughto a vacuum)
which must be maximized to obtain an optimum design.

Design Parameters

Like the objectivefunction, the selectionof the design parametersdepends onthe
problem to besolved. The ideal set wouldcontainthe minimum numberof elementsand
would be stronglycoupledto the objectivefunction. The designparametersare usually
coefficientsusedto define a wall boundary orquantities that specify the flow-field
conditions. Fora nozzle design,the flow conditions are usually given, andthe wall
contour must be determined.

Wall Contour

Threedifferent functions(i.e. linear, cubic, andixth-orderpolynomial equations)are
used to describe different nozzle wall shapes downstream of the throdineBn&nction
describes a conical nozzle, for which the final slope (or angtkg designparameterThe
length is then determined lmgsingthe arearatio andthe specifiedangle. Fora contoured
nozzle,defining the wall becomesmore complicated. The simplestmethodin this case
would beto fit a third-orderpolynomialto the beginningradius, initial slope, exit slope,
and length.

Subsonic-Transonic Section Geometry
The subsonic-transonic section is specified with a circle:
X+ (y, ~R -)?= R (5)

whereR, andr* are the throat radius of curvature and the throat radius, respectively.

Linear (Conical Nozzle) Geometry

The conical nozzle begins at the axial location at which the slope of the subsonic-transonic
section equals the tangent of the cone angle:

Yo = Yo +1and,, (Ax) (6)

where@, is the cone anglelx = x - x, andx, andy, are the initial points for the conic
section.

Contoured Nozzle Geometry-Cubic Polynomial
The cubic polynomial begins at the first section used in the PNS calculations and the radius



Yo = Yo+ Yo(BX+ A X + & X
C:3(yL_yo_yoL)/(L2)_(YL_%)/L (7)
d=[(y, - %)/ L1+2A-y + y+ ¥% b/( E)

whereAx = x - x,, and(x,, Y., ¥,) is the initial point and slope for the supersonic
section(y,, y,") Iis the radius and slope at the exit, &nd the length of the contoured
section.

The conical and contour nozzle geometry used in this study are shown in Fig. 1.

Low-Reynolds-Number Thrust Nozzle Design and Optimization

The CFD-based thrust optimization process was conducted by:
(1) choosing an existing nozzle design that was previously calculated by other
researchers;
(2) varying the grid density of the solution to determine if the specified resolution
produces accurate results;
(3) optimizing those cases by using a CFD code coupled to an optimizer,
(4) and looking for improvements in the thrust coefficient for each case.

This four-step process wafllowed to determine the advantagesof CFD-based
optimization over existing methodsof design forlow-Reynolds-numberocket nozzles.
Kim? investigated20® and 30 degreeconicalresistojetnozzlesand foundthat they have
higher thrust coefficients than contoured resistojet nozzles desigtie®ao’s methodfor

the same area ratio. For this reason, the optimoglefor a conicalresistojetnozzlewith

an arearatio of 82 wasdeterminedto provide a targetfor the CFD-basedoptimization
process; thus, ithe CFD-basedptimizationproceduregproducesa contoureddesignthat
hasa higherthrustcoefficientthanis obtainedfrom the conical nozzle with the optimum
angle,the hypothesis is supported atite CFD-baseddesign process ia betterdesign
process for the studied cases.

Solution Accuracy and Grid Dependence

Initial calculations were made with the flow and geometry conditions given bY/fisim
20° and 30 conical nozzles. Viscousflow solutions werecomputedfor hydrogen-gas
flows through the nozzlesThe following assumptions wermade:the flow was laminar;
the back pressure wa®; the wall was adiabatic;the stagnatiorpressure was 15000Pa,
and thestagnatiorntemperaturavas 1500K. The computednozzleshada throatradius of
4.2x10* m and an exit area ratio of 82.

Obviously, grid density was amportantfactor in determiningboth the precisionof a
solution and the computational time. To minimilze computationatime in demonstrating
the accuracyof the solution, the 20° conical nozzlewas run withdifferent normal grid
densitiesof 63 and 125 pointsThe stability requirementsof the explicit PNS space-
marching algorithm force the streamwise grid to halerge numberof stations(> 1000),
which ensuresccurateresolutionin the streamwisedirection. A constantgrid-stretching

factor of B, =1.2 was usedn all calculations. Figure 2 comparesthe streamwise
momentumprofiles at the nozzleexit for the differentnormalgrid densities. Becausehe
streamwise momentum is integrated to obth@nozzlethrust, the profiles are believedto
be a good measureof the solutionaccuracy. Very good agreementvas obtainedfor the
two grid densities; the 125 point solution predicéeslightly lower streamwisemomentum
in the inviscid core. The nozzlethrust coefficientsfor the 63 andthe 125 normal point
distributionswere 1.482 andl..480, respectively,which is a difference of only 0.14



percent. Thisagreementvas sufficientto justify the use ofa grid with 63 normal points

for the nozzle design and analysi&. completeNS calculationwas then computedor the
nozzleto determinethe effect of the PNS approximationon the thrustcoefficient. A NS
solution was computedwith the samedistribution of 63 normal points and 23%axial
stations. The thrust coefficient for the NS calculation was 1.492, which compares
favorablywith Kim’s® NS calculationof 1.498 (603 Ipsec/If, vacuumspecific impulse)

with 60 normal gridooints. The differencein the thrustcoefficientsfor the NS andPNS
solutions is less than 0.7 percent. We exgfeePNS solutiongo follow the sametrends

as the NS solutions, which justifies the use of the PNS equations in the design procedure.

Low-Reynolds-Number Conical Nozzle Design

Next, the optimum angle was determinedfor a low-Reynolds-numbeconical thrust
nozzle with a fixed area ratio of 82 he throatgeometrywas constructedas a circular arc
(fig. 1) and the PNRalculationsbeganat 1.747x10" m downstreanof the throat, where
the wall radius and slopare4.447x10° m and0.2887, respectively.The subsonic flow
field of the nozzlewas predictedby solving the NS equationsto determinethe initial
conditions for the PNS calculations. The PNS code was then modifeeds$tructconical
geometry as a function of the cone angle @agandto computethe nozzlethrust (Eq.4).
The solution had a grid density of 63 normal points, approximately40,000 streamwise
stations, anda grid-stretchingfactor of 1.2. The remainingcalculationspresentedwere
computed on similar grids.

After the modification was completed,the CFD code was linked to the OptdesX?
software system, which is ailnteractive computer program for computer-aided
optimizationand design. An optimization problemwas defined to maximize thrust by
determining the optimum expansionangle. For each case, the software’s default
optimizationschemewas usedGeneralizedReducedGradientalgorithm). The derivative
of the nozzle thrust with respectto the cone angle was computedwith the forward-
differenceselectedoy OptdesXasthe bestmethodwith a stepsizeof 0.001. Two cases
were run usingstartinganglesof 20° and 30. Becauseof the simplicity of the objective
function (i.e. one desigrparameter)the optimizerrequiredfew iterationsto achievethe
optimum expansiomngleof 25.96 resultingin a thrustcoefficientof 1.488. Thisresult
was achieved using the different initial conditions for the conical angle. The Mach contours
for the optimumconicalnozzleareshown in Fig. 3. A solution was reachedon an Iris
Indigo after 3 iterations and 25 analysis calls (approximately 3 hr).

Low-Reynolds-Number Contoured Nozzle Design

For this problemthe wall contourwas definedwith a third-order polynomial. Only
two variables,the length and the exit slope, werevaried to determinethe optimum
geometry. A cubic was fitted to the previously determined optimum conical nozzle and was
used as the starting point for the contour optimization. Then, the casalvas calculated
andthe optimizervariedthe parameterén eachiteration to generatea new wall contour.
The CFD code produceda thrust coefficient value for each contour, andthe process
continueduntil an optimumwas reachedlhe derivativeswere computedwith a forward
difference-method with atepsizeof 0.001. The nitial designparametersvere specified
from the optimum conical nozzle. Tlselutionrequired23 analysiscalls (approximately3
hr on an Iris Indigo.) The exit slope converged todide constraintvalue of 0.0, andthe
nozzlelength (from the throatto the exit) convergedto 0.00767 cm. The final thrust
coefficientwas 1.496. The Mach contours forthe optimum third-order wall contour are
given in Fig. 4.

To determine the effect of the exit angle sidastrainton the solution, it was changed
to -0.364 (-20degreeshndthe problemwas restarted.The exit slope convergedto the
side constraint, the length to 0.00779 cm. and the thrust coefficient increase toTh&38.



resultedin an unusual shapeubzzle (Fig. 5). Todetermineif this was anartifact of

maintainingthe arearatio at a fix value of 82, it was addedas a designvariablein the

problem. Thissolution did not changewhen the arearatio was included as a design
variable. The converging nozzle exit (-20 degrees) design is an unexpsttitdnd does
not follow normalconvention. Previouslhyit hadbeenassumedhatthe use ofthe PNS

solutions in the design procedurewould follow the sametrends as NSsolutions.
However,the effect of ignoring part of the subsonicstreamwisepressuregradientin the

PNS equationsmay be more significantin large laminar boundary-layergpresentin this

nozzleflow field. Additional investigationscomparingthe PNS and NSsolutionfor this

nozzle design need to be done to determine the validity cipipioachandto quantify the

effect of the approximationmade using the PNS solutions for low Reynoldsumber
expanding flows.

Concluding Remarks

A computationalfluid dynamics approachto low-Reynolds-numberrocket nozzle
design hadbeeninvestigatedand comparedwith previously developedmethods. Earlier
studieshave found that conical nozzles produce higher thrust than contoured nozzles
designedwith classicalmethods. The currentstudy demonstrates method that is an
improvement to both the classicabthodandthe conicaldesign based on solutiotsthe
parabolized Navier-Stokes (PNS) equations. A CFD code was modified to provide a thrust
coefficientvaluefor individual cases. The modified analysissoftware wadinked to the
OptdesXoptimizationsoftware, andh contourednozzledesign wagyeneratedoy solving
an optimizationproblem. The CFD-basedoptimization procedureachievedbetter results
thanthoseobtainedfrom Rao’smethodor from conicalnozzles, howeverthe contoured
nozzle designs were not as expectétie best results werebtainedwhenthe nozzleexit
anglewas allowed to be negative. Further study was suggestéanl comparethe PNS
results withNavier-Stokessolutionsto see ifthe designparametergor maximum thrust
coefficient agreeand to quantify the accuracyof the PNS solutions for low Reynolds
number expanding flow fields.
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Fig. 1. Conical and contoured nozzle geometry design parameters,
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