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ABSTRACT 

Wall static pressures have been measured at stagnatio; pressures 
between 45 and 250 psia in circular-arc-throat conical nozzles with 
half-angles of convergence of 30 and 45 deg, 15-deg half-angles of 
divergence, and expansion-area ratios to 6.6. In several additional noz- 
zles, the convergent section was formed by circular arcs. The ratios 
of throat radius of curvature to throat radius, r,/r,, ,  were 2.0 and 0.625. 
These measurements, made with air either at a stagnation temperature 
of 530"R or heated by the combustion of methanol to 1500"R, indicate 
considerable deviations from one-dimensional isentropic flow predic- 
tions in the throat region. For one nozzle, these amount to as much 
as 45%. Deviations of a smaller magnitude are also found in the conical 
sections. The static-pressure measurements for underexpanded opera- 
tion were insensitive both to the effects of cooled and uncooled walls 
and to variations in nozzle-inlet boundary-layer thicknesses. Static- 
pressure measurements in the throat and divergent regions of nozzles 
with the same rr/r,, ,  and half-angle of divergence were found to be 
independent of the various inlet configurations. Differences up to 7% 
in static-pressure tap readings were found between tap sizes of 0.010- 
and 0.040-in. diameter, with the smaller tap reading the lower pressure. 
Some separation pressure data are also presented for overexpanded 
nozzle operation; these indicate that the separation point moves down- 
stream with wall cooling for tests at the same stagnation pressure. Other 
flow features presented in terms of deviations from one-dimensional 
flow include flow coefficients, thrust ratios, and local mass fluxes at the 
edge of the boundary layer. Also, the location of the sonic line at 
the edge of the boundary layer was deduced from the wall static- 
pressure measurements. Two-dimensional flow predictions are in close 
agreement in the throat region with the data for the nozzles with 
rr/r ,h = 2.0 but inadequate for the one with r r / r t h  = 0.625. f l  

V 
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1. INTRODUCTION 

In accelerating gas flows to supersonic velocities 
through conical nozzles, there can be appreciable devia- 
tions from one-dimensional flow, as indicated by measured 
wall static-pressure distributions. These deviations, which 
result from radial velocity components caused by the 
taper and curvature of the nozzle, are noted in Ref. 1. 
Similar deviations are observed in Refs. 2, 3, 4, and 5, in 
which measurements were made in the divergent region 
of conical nozzles, and in Ref. 6, where a few measure- 
ments were made in the conical convergent region. In 
Ref. 7, local velocity measurements in the throat region 
indicated the two-dimensionality of the flow. 

In this discussion, measured wall static-pressure dis- 
tributions are presented for conical nozzles to show the 
dependence of the deviations from one-dimensional isen- 
tropic flow on nozzle configuration and the region over 
which these deviations extend. The conical nozzles inves- 
tigated have 30- and 45-deg half-angles of convergence, 
15-deg half-angles of divergence, circular-arc entrance 
and throat sections, and expansion-area ratios up to 6.6. 
The ratios of throat radius of curvature to throat radius 
were 2.0 and 0.625. The effect of inlet configuration was 
investigated in other nozzles with the convergent sections 
formed by circular arcs. 

Operating conditions spanned stagnation pressures from 
45 to 250 psia and stagnation temperatures from 530 to 
2000"R, with data reported at 530 and 1500OR. The am- 
bient pressure was atmospheric. At the lower stagnation 
temperature of = O R ,  compressed air was used and the 

nozzles were uncooled. The higher stagnation tempera- 
tures were obtained by heating compressed air by the 
combustion of methanol. The products of combustion were 
then mixed to obtain uniformity before entering the noz- 
zles, and at these higher temperatures, the nozzle walls 
were cooled. At the highest stagnation temperature, the 
total heat transfer from the gas to the nozzle wall was 
less than 1% of the total energy of the gas at the nozzle 
inlet so that the flow was nearly adiabatic in all cases. 
The products of combustion could be treated approxi- 
mately as air, since the methanol-to-air mass flow-rate 
ratio was small. 

Boundary-layer thicknesses at the nozzle inlet were 
varied from about 5 to 45% of the inlet radius to inves- 
tigate boundary-layer displacement effects. The effect of 
wall static-pressure tap size on the readings was also 
investigated. At the lower stagnation pressures, the noz- 
zles were overexpanded, and the associated separation 
pressures are presented both for hot-flow cooled-wall 
and cold-flow operation. Other features of the flow are 
included in terms of deviations from one-dimensional 
isentropic flow. For over-all nozzle performance, flow 
coefficients and thrust ratios are shown. Local deviations 
in the mass flux at the edge of the boundary layer calcu- 
lated from the measured wall static pressures are included, 
as is the sonic line location. 

Analytical two-dimensional flow predictions are com- 
pared to the data to indicate the extent to which the flow 
is predictable. 

1 
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II. INSTRUMENTATION 

Figure 1 is the flow and instrumentation diagram of 
the system to which the nozzles were attached. Stagnation 
pressure was measured just upstream of the approach 
section, the length of which could be adjusted to specified 
values. Changes in length were made to vary the nozzle- 
inlet boundary-layer thickness. These turbulent boundary- 
layer thicknesses were estimated from measurements 
described in Ref. 1. The approach section was cooled at 
the higher stagnation temperature of 1500’R. Stagnation 
temperature was determined by averaging the readings 
of two shielded thermocouples placed 0.25 in. upstream 
of the nozzle inlet. These two thermocouples, located 1 in. 
from the centerline, were spaced 180 deg apart circum- 
ferentially and generally read within 2% of each other. 
The air mass flow rate was measured with an orifice, and 
for the hot-flow tests, a rotometer was used to measure 
the mass flow rate of methanol. The accuracy of the 
total mass flow rate is estimated to be 1% at stagnation 
pressures above about 100 psia. At lower stagnation pres- 
sures, the readings are less accurate. 

For the 30-15- and 45-15-deg nozzles shown in Figs. 2 
and 4, the wall static-pressure taps were 0.040- and 
0.020-in. diameter, respectively. The hole depth-to- 
diameter ratio was about 8 for the 30-15-deg nozzle and 
essentially infinity for the 45-15-deg nozzle. For the noz- 

zles shown in Fig. 3, the tap diameter was 0.020 in. and 
the hole depth-to-diameter ratio was 4. These holes were 
as sharp-edged as they could be made by drilling and 
then smoothing the burrs with emery cloth. The axial 
location of each tap was known to 0.002 in., and the taps 
were spaced circumferentially and axially along each 
nozzle wall. The static pressures were measured either 
with mercury manometers or, at the higher pressures, 
with Heise gages which had 0.25-psia marked increments. 
The accuracy of the readings is dictated by the difference 
between the static and stagnation pressures and thus 
depends on location in the nozzle and on the stagnation 
pressure. The largest estimated error would be in the 
nozzle-inlet region at the lowest stagnation pressures, 
where an error between the actual static and stagnation 
pressures could have amounted to about 5%. However, in 
terms of the static-to-stagnation pressure ratio p / p t ,  the 
error would be less than 0.1%. This error would be smaller 
yet through the throat and divergent regions, as well as at 
higher stagnation pressures. Considerably larger differ- 
ences are found with different size taps, as discussed 
in Section V. 

For hot-flow cooled-wall operation, wall temperatures 
were determined from thermocouples embedded in the 
wall of the 30-15-deg nozzle and from calorimetric wall 
heat-flux measurements with the 45-15-deg nozzle. 
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Fig. 2. Static-to-stagnation pressure ratios along the 30-1 5-deg nozzle 
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Fig. 4. Static-to-stagnation pressure ratios along the 45-1 5-deg nozzle 
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111. STATIC-PRESSURE DISTRIBUTIONS 
, 

Measured static-to-stagnation pressure ratios are shown 
in Fig. 2A for the 30-15-deg nozzle over a range of stag- 
nation pressures from 45 to 150 psia at a stagnation tem- 
perature of 15W0R, with cooled walls. The upper limit 
of 150 psia was dictated by manometer limitations at the 
time the tests were made. From boundary-layer traverses, 
the ratio of inlet boundary-layer thickness to nozzle-inlet 
radius was estimated at about 6 /R  N 0.25. The pressure 
ratios are nearly invariant with stagnation pressure except 
in the flow-separation region, where the rise in static 
pressure is caused by overexpanded nozzle operation. In 
the throat region, there is some data spread, but it does 
not appear to vary systematically with stagnation pres- 
sure. Considerable deviations from the one-dimensional 
isentropic flow prediction (7 = 1.40), shown as curve “a,” 
are apparent in the circular-arc-throat region; in particu- 
lar, the measured pressures are as much as about 30% 
below the prediction just downstream of the throat. 
Deviations of a smaller magnitude are observable in the 
inlet and conical convergent section, where the data 
are slightly above the one-dimensional flow prediction. 
Near the tangency of the circular-arc throat and conical 
divergent section, the measured pressure ratios change 
slope abruptly and cross over the one-dimensional flow 
prediction further downstream. A one-dimensional isen- 
tropic flow prediction with variable specific heat was 
also made and found to be at most 2% above the predic- 
tion shown for y = 1.40. This small difference indicated 
the prediction with y = 1.40 to be adequate for compari- 
son purposes if the entire nozzle flow region is considered.’h 

Another one-dimensional flow prediction referred to in 
the literature is that for conical source flow in the 
divergent region. The predicted wall static-pressure dis- 
tribution for isentropic flow (7 = const.) is 

The subscript b denotes a point along the conical wall 
where the indicated variables are known, and s is the 
radial distance from the source. If the experimental pres- 
sure and corresponding Mach number at the circular-arc- 
throat conical tangency point are used, Eq. (1) is shown 

‘For subsequent comparisons in the throat region, y differs little 
from the stagnation condition value of 1.35 used. 

in Fig. 2A by curve “ b  to predict substantially lower 
static pressures in the conical section than those obtained 
experimentally. Although better agreement could be 
obtained if the prediction were initiated downstream of 
the tangency, the comparison nevertheless indicates that 
the actual flow differs from conical source flow in the 
first part of the conical section. 

Figure 2B shows hot-flow cooled-wall tests and cold- 
flow tests with a shorter approach length (Z/D = 1.2), 
such that 6/R-00.10. The effect of wall cooling is seen 
to alter the measured pressure ratios negligibly except in 
the flow separation region, where, at the same stagnation 
pressure, the separation point has moved downstream 
with wall cooling. Since, even with wall cooling, the 
flow is nearly adiabatic, as was mentioned in the Intro- 
duction, the effect of wall cooling would be to alter the 
nozzle flow cross-sectional area as a result of the boundary- 
layer displacement effect. The effect of y would be small, 
as noted previously. Cooled walls tend to decrease 6* 
below uncooled-wall values, and if the wall cooling is 
large enough, 6* can become negative. However, pre- 
dicted values of 6* from the turbulent boundary-layer 
analysis of Ref. 8 were small compared to the nozzle 
radius, so that the displacement-effect correction was 
negligible. To illustrate the correction in the nozzle- 
inlet region in which 6* is largest, for test 262, where 
6* / r  = 0.020, the predicted pressure ratio p / p t  was about 
0.6% below the one-dimensional flow prediction, whereas 
the data are slightly above. Predicted values of 6* become 
negative upstream of the throat, and for the same test, 
8* / r  = -0.0041 just downstream of the throat, with the 
predicted pressure ratio p / p ,  being only about 0.1% below 
the one-dimensional flow prediction. 

In Fig. 2C, hot-flow cooled-wall tests are shown for 
inlet boundary-layer thicknesses 6 / R  ‘v 0.05 and 0.25, 
which correspond to 1/D = 0 and 3.6, respectively. The 
effect on the measured pressure ratio is not discerni- 
ble because of the large flow acceleration, which, in 
the convergent region, rapidly diminishes the boundary- 
layer thickness as well as the displacement thickness. 
Similarly to the effect of wall cooling, the predicted 
displacement-thickness correction was found to alter the 
predicted pressure ratio negligibly. 

To investigate the effect of inlet configuration, meas- 
ured pressure ratios are shown in Fig. 3 for nozzles of 
different contraction-area ratios but having the same 

6 
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throat radius, throat radius of curvature, and half-angle 
of divergence. The convergent sections were formed by 
circular arcs of equal radii of curvature. For comparison 
purposes, the cold-flow data shown are average values 
for each nozzle over the range of stagnation pressures 
indicated in the Figure. Separated flow data (not shown 
in the Figure) are discussed in Section VI. Through the 
throat and divergent regions, the measured pressure 
ratios are essentially independent of inlet configuration 
and depend only on the local nozzle contour. The mag- 
nitudes of the deviations from one-dimensional isentropic 
flow (curve “a”) are similar to those found with the 
30-15-deg nozzle (Fig. 2), which has the same ratio of 
throat radius of curvature to throat radius (rc/rth = 2.0) 
and half-angle of divergence as the nozzles shown in 
Fig. 3. 

The effect of throat configuration is shown by compar- 
ing Fig. 4 to Fig. 2. In Fig. 4, measured pressure ratios for 
the 45-15-deg nozzle are shown for a stagnation-pressure 
range from 45 to 250 psia and a stagnation temperature 
of 150D0R. Because of the smaller throat radius of cur- 
vature to throat radius of 0.625, compared to 2.0 for the 
30-15-deg nozzle, there are larger deviations from 
the one-dimensional isentropic-flow pressure ratio in the 
throat region. These amount to as much as 45% just down- 
stream of the throat. In the conical convergent section, 
there are also larger deviations from one-dimensional 
flow than with the 30-15-deg nozzle because of the 
larger 45-deg half-angle of convergence. In addition, at 

the higher expansion-area ratios of the 45-15-deg nozzle, 
the data once more cross over and become less than the 
one-dimensional flow prediction. With the 45-15-deg 
nozzle, only hot-flow cooled-wall data were obtained, and 
a larger upstream length (Z/D = 8.4) was used such that 
S/R=O.45. Although no data were obtained with a 
thinner inlet boundary-layer thickness, the measured 
pressure ratios are expected to be altered negligibly based 
on both experimental observations with the 30-15-deg 
nozzle and theoretical predictions. 

To compare the magnitude of the deviations from one- 
dimensional %ow and the region over which they extend, 
the ratio p/pl is shown in Fig. 5 as a function of the area 
ratios for the 30-15- and 45-15-deg nozzles. The measured 
pressures shown are from the average of the hot-flow 
cooled-wall ratios p / p , ,  shown in Figs. 2A and 4 over 
the stagnation pressure ranges indicated. No separation 
flow data are shown. Worthy of note is the rather sharp 
dip in p/pl just downstream of the throat to its minimum 
value. For the 30-15-deg nozzle, the minimum value is 
not well defined; however, for the nozzles shown in Fig. 3, 
which have the same values of r c / r t h  and half-angle of 
divergence as the 30-15-deg nozzle, the minimum 
value is about 0.70. Actually, the deviations from one- 
dimensional flow are probably larger than those indicated 
where p/pl < 1, since a smaller pressure tap would read 
a lower value, which is believed to be nearer the true 
static pressure. The effect of static-pressure tap size is 
discussed in Section V. 

NOZZLE AREA RATIO A/AM 

Fig. 5. Measured to one-dimensional static-pressure ratios along the nozzles (One-dimensional flow 

hot-flow cooled-wall values shown in Fig. 2 [AI  and Fig. 4.1 
predictions are for = 1.40 and measured values are the averages of the 
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IV. TWO-DIMENSIONAL FLOW PREDICTIONS 

Exact solutions of the two-dimensional isentropic-flow 
equations are virtually nonexistent for flow regimes 
throughout a supersonic nozzle. Approximate solutions 
consist either of calculating the flow field by numerical 
or graphical techniques or of obtaining analytical solu- 
tions in particular flow regions. Since deviations from 
one-dimensional flow are largest near the throat, this 
region is of primary concern. Also, a solution in this 
region is needed to initiate the method-of-characteristics 
solution in the supersonic region. 

In the throat region, Hall (Ref. 9) obtained a solution 
for the velocity field for isentropic, irrotational flow 
(7 = const.) by a series expansion of the velocity compo- 
nents in inverse powers of r,-/rth.  The first three terms for 
the velocity components in the series solution were cal- 
culated and appear in the reference. From these, the wall 
static-to-stagnation pressure ratio can be calculated: 

where V is the local velocity V at the wall, nondimen- 
sionalized with respect to the speed of sound at the sonic 
condition a*. The prediction from Eq. (2) is shown in 
Fig. 2A by curve “c,” which agrees well with the meas- 
ured pressure distributions in the throat vicinity. In the 
regions which extend to the circular-arc-throat conical 
tangencies, the requirement that the velocity at the wall 
be parallel to the wall is not exactly satisfied as a con- 
sequence of the solution method; this undoubtedly leads 
to the inferior prediction near these tangencies. 

The correspondence of the prediction from Eq. (2) 
with the data is equally good for the nozzles with various 
inlet configurations, as shown in Fig. 3 by curve “c.” It 
should be noted that Hall’s prediction depends only on 
throat configuration through the ratio r, /rth and not on 
inlet configuration. The measured pressure ratios in the 
throat region shown in Fig. 3 display this same trend. 

For the 45-15-deg nozzle (r,/rth = 0.625), the prediction 
is not applicable since the series solution diverges for 
T , / r t h  < 1. Instead, Fig. 4 shows as curve “ d  the Sauer 
prediction (Ref. lo), which, as Hall has pointed out, is 
the first-term approximation in his series solution. This 
prediction is considerably below the data for the 45-15- 
deg nozzle. In Fig. 2A (curve “ d ) ,  this prediction indi- 
cates the improvement upstream of the throat afforded 

by the Hall solution, curve “c,” in which three terms are 
used. However, at and downstream of the throat, there 
is little difference between the first and third approxi- 
mations. 

It would be of interest to compare to the data predic- 
tions from the irrotational method of characteristics in the 
supersonic region; however, flow conditions in circular-arc- 
throat conical nozzles predicted by Darwell and Badham 
(Ref. 11) and Migdal and Landis (Ref. 12) are such as to 
invalidate the prediction method. Both of these analyses 
reveal predicted flow conditions near the nozzle axis 
which would lead to shock formation. This occurs where 
Mach lines originating just downstream of the circular- 
arc-throat conical tangency meet the nozzle axis. Danvell 
and Badham discuss the prediction in detail with respect 
to the accuracy of the numerical solution and its initiation, 
using either Hall’s throat solution (Ref. 9) or Sauer’s 
solution (Ref. 10). As indicated in Fig. 2A, for the 30-15- 
deg nozzle with r, /rth = 2.0, either of these solutions 
should provide a good approximation to the actual flow 
in the region of interest. It should be noted that boundary- 
layer displacement effects, not accounted for in these 
predictions, do influence the nozzle free-stream flow 
boundary to some extent, which can alter the predicted 
flow field. Whether or not shock formation actually occurs 
along the nozzle axis can only be decided by experimental 
observation. Rather than wall static-pressure measure- 
ments, either total pressure-probe traverses along the 
axis of conical nozzles or some means of visual obser- 
vation in a transparent nozzle with a sufficiently long 
divergence section would be required. 

Another approximate solution valid throughout the noz- 
zle, providing that wall curvature effects are not large, 
is the prediction by Oswatitsch and Rothstein (Ref. 13): 

where 

(3) 

8 
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’ The subscript 1 denotes average quantities for one- 
dimensional isentropic flow, in which y = const. For cal- 
culation purposes, it is convenient to use the relation 

In the prediction which applies for a constant y, the 
velocity distribution is computed from the local con- 
figuration of the wall. The requirement that the fluid 
velocity at the wall be parallel to the wall is not exactly 
satisfied because of the way in which the solution was 
obtained. The prediction from Eq. (3) is shown in Fig. 2A 
as curve “e” to be in close agreement with the Hall 

prediction and, thus, the data in the throat vicinity of 
the 30-15-deg nozzle. At the circular-arc-throat conical 
tangencies the prediction is discontinuous because of 
d2r/dzZ; these discontinuities are indicated by vertical 
dashed lines. Near the tangencies, the solution becomes 
more approximate, since the restrictions on the magnitude 
of the nozzle radius and its derivatives implied in the 
analysis are not satisfied. 

The 45-15-deg nozzle contour deviates even further 
from the restrictions imposed by this analysis; however, 
for cornparison, this prediction is shown in Fig. 4 as 
curve “e” in a narrow part of the throat region. The 
rather sharp decrease in static pressure is predicted, but 
the prediction is below the data. 

V. STATIC-PRESSURE TAP SIZE 

The presence of a static-pressure hole causes some 
flow disturbance which alters the measured static pres- 
sure from the true value. For sharp-edged holes, deeper 
than about 2 diameters, measured static pressures in flows 
with negligible pressure gradients have been found to 
increase with hole size; it is believed that the small holes 
read nearer the true static pressure. Other effects, such 
as slight burrs and the presence of foreign particles, have 
been found to alter the readings as well. For nozzle flow, 
in addition to the pressure gradient induced in the flow 
by the presence of the hole, the external pressure gra- 
dient is superimposed in the %ow direction. The flow 
disturbance is thus expected to increase with hole size 
because a larger pressure drop exists across the hole than 
when the free-stream flow is not accelerating. 

To. investigate the effect of hole size on the static- 
pressure readings, the 2.51-1 nozzle shown in Fig. 3 was 
instrumented with 0.010- and 0.040-in.-diameter tap pairs. 
As mentioned before, the holes were as sharp-edged 
as they a u l d  be made by smoothing with emery cloth 
any surface burrs that were produced by drilling. The 
hole depth-to-diameter ratio was about 3. Static-pressure 
distributions were obtained over a range of stagnation 
pressures from 45 to 170 psia, with air at a stagnation 

temperature of 520°R (uncooled walls). Two of these 
distributions are shown in Fig. 6. To allow a direct com- 
parison of the differences in the readings, the lower part 
of Fig. 6 also shows the percentage difference between 
the 0.010- and O.O.lO-in.-diameter tap readings at loca- 
tions where these two taps were axially within 0.002 in. 
of each other. This is the limit to which the axial location 
of the taps is known. As indicated by comparison of the 
smallest and largest tap readings at the same axial loca- 
tion, the smallest tap has the lower reading, as has been 
observed in flows with negligible acceleration. The per- 
centage difference in the tap readings increases from 
about 0.1% in the nozzle-inlet region as the free-stream 
velocity increases. In the throat region, where the pressure 
gradient is largest, the differences spread considerably, 
with a value as large as 7% indicated for the high 
stagnation-pressure test. In the divergent region, the 
difference remains relatively constant at about 3% for this 
test. For the low stagnation-pressure test, the maximum 
difference of about 4% diminishes in the divergent region 
and, in the flow separation region, is hardly discernible 
as a result of relatively low reverse flow velocities. 

The trends of the differences shown for the two tests 
were typical of those found at intermediate stagnation 
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0 

AXIAL DISTANCE I, in. 

Fig. 6. Static-to-stagnation pressure ratios along the 2.51-1 nozzle with different size pressure taps 

pressures of 75, 100, and 125 psia, and duplicate tests 
at some of the pressures indicated the data to be repro- 
ducible. The 0.002-in. uncertainty in the axial distance 
between the 0.010- and 0.040-in.-diameter tap pairs would 
alter the percentage differences shown in Fig. 6 by 0.1 
at most. In a system in which pressure gradients can 

exceed those along the 2.51-1 nozzle, Jaivin (Ref. 14) 
found differences of the same magnitude as those shown 
in Fig. 6 for tap diameters ranging from 0.0016 to 0.019 in. 
by measuring the pressure distributions along a flat plate 
on which a liquid jet impinged. In that investigation, a 
limiting value of the tap size was found for which no 
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further change in the measured pressure distribution 
was observed; a O.W-in.-diameter tap read the same as 
the 0.0016-in.-diameter tap. 

ments by Livesey et al. and others, A ~ / T  increases mon- 
otonically with d* to about 3 at d*r900, the limit at 
which measurements have been made. By comparison, in 
the throat region for the highest stagnation-pressure test, 

To indicate the magnitude of the Merences between 
the tap readings in another way, reference is made to an 
estimate of the static-pressure tap error. By dimensional 
analysis for a low-speed, essentially constant-property 
turbulent boundary layer with negligible flow accelera- 
tion, Livesey et al. (Ref. 15) and others give the error Ap 
for deep holes: 

values of (p40 - pl0)/z are as large as 40; the correspond- 
ing value of d* based on the O.M-in.-diameter tap is about 
6200. For the lowest stagnation-pressure test, the pre- 
dicted value in the throat region is less, (p40 - p l o ) / ~  r 10, 
as is the corresponding value d* r 1900. In these esti- 
mates, the wall shear stress was predicted from the tur- 
bulent boundary-layer analysis of Ref. 8. 

Unfortunately, since the true static pressure is not 
known, one can only conclude from the data shown in 
Fig. 6 that the static-pressure distributions shown in 
Figs. 2, 3, and 4 are probably slightly higher than the 
true ones, with the deviations from one-dimensional flow, 
particularly in the throat region, exceeding those shown. 

a p -  - - AP (d*) 
T T 

where d* = d ( T / p ) % / V ,  d is the tap diameter, and T is the 
wall shear stress. According to experimental measure- 

VI. SEPARATION PRESSURES 

For overexpanded nozzle operation, the ratios of sep- 
aration to ambient pressure are shown in Fig. 7 for 
nozzles that have r c / r t h  = 2.0. There were too few pres- 
sure taps in the divergent region of the 45-15-deg nozzle 
for a meaningful representation. The data are shown 
by the barred vertical lines. The upper bar is the tap 
reading upstream of the separation point; the lower bar 
would be that at the succeeding tap if separation had 
not occurred and was determined from higher stagnation- 
pressure tests. Thus, the actual value lies between the 
values shown. The Mach number at separation was calcu- 
lated for isentropic flow (7 = 1.4) based on the average 
separation pressure. The hot-flow cooled-wall separation- 
to-ambient pressure ratios (shaded symbols) are generally 
about 5 to 1W below the cold-flow values (open symbols). 
These lower values correspond to a relocation of the 
separation point downstream with wall cooling, as was 
observed in Fig. 2B by comparing the hot-flow cooled- 
wall and cold-flow tests at the same stagnation pressure. 
This indicates that wall cooling is also important in the 
shock-wave boundary-layer interaction resulting in flow 

a30 
LO 1.5 20 2.5 50 

SEPARATION MACH NUMBER Ms 

Fig. 7. Separation to ambient-pressure ratios 
for various nozzles 
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b separation from the nozzle wall. Ahlberg et al. (Ref. 16) 
also found the same trend. For our data, it is not clear 
whether the lower separation pressures are due only to 
wall cooling, since, with hot flow and cooled walls, the 
boundary-layer-thickness Reynolds numbers at the sep- 
aration point estimated from the analysis of Ref. 8 were 
about one half of those for cold flow at the same stag- 
nation pressure and nozzle-inlet boundary-layer thick- 
ness. In this regard, the data shown in Fig. 7 for the 
30-15-deg nozzle with hot flow and cooled walls do not 
reveal any definite trend between the results with rela- 
tively thin boundary layers (S/R2:0.05) at the nozzle 
inlet and those with thicker layers (S/R 2: 0.25). How- 

VII. MASS 

The large deviations from one-dimensional flow, par- 
ticularly in the throat region, shown in Figs. 2, 3, and 4, 
direct attention to differences in mass flow rate that might 
be expected from one-dimensional flow predictions. In 
Fig. 8, comparisons between measured mass flow rate 
at a stagnation temperature of 1500OR (cooled walls) and 
computed values for one-dimensional isentropic flow 
(y = $35) are shown in terms of the flow coefficient 
cd = m/ml. At the lower stagnation pressures, there is 
appreciable scatter in the values. Some of the scatter is 
undoubtedly due to errors in the mass flow rate measure- 
ments. At the higher stagnation pressures, the scatter is 
less, and for both nozzles, the flow coefficient is approxi- 
mately between 0.98 and 1.0. Figure 8 also contains the 
inviscid flow prediction of Hall: 

For the 30-15-deg nozzle, the prediction from Eq. (4) is 
0.9943, in fair agreement with the experimental values. 
This correspondence is expected from the close agree- 

ever, it is difficult to determine whether there is any 
boundary-layer-thickness Reynolds number dependence 
due to the scatter of the results at the highest separation 
Mach numbers (last four shaded points) which correspond 
to separation near the nozzle-exit plane. 

The data in Fig. 7 extend over rather low stagnation- 
to-ambient pressure ratios because of the relatively small 
expansion-area ratios. When these data are compared to 
others obtained with uncooled walls, such as the accumu- 
lated results of Arens and Spiegler (Ref. 17, Fig. 2), the 
hot-flow cooled-wall data are found to lie below those 
results. 

FLOW RATE 

ment of predicted and measured static pressures in the 
throat region. However, for the 45-15-deg nozzle, the ex- 
perimental values exceed the prediction from Eq. (4), in 

~~ 

7j  = 1500"R , COOLED WALLS 
6 NOZZLE - I 

30-15" %0%5 
45-15' 2 0.45 

1.02 1- 
3 
+ 0.98 z 
w H 0.96 

b 0.94 FLOW 
0 SEPARATION 
V 

0 
3 102 

2 100 

0.98 

0.96 

0.94 

0 92 

30-15" 
& NOZZLE 

IN NOZZLE 

0 40 80 120 160 2M) 240 280 

STAGNATION PRESSURE p t ,  psia 

Fig. 8. Flow coefficients 
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8 which only the first term in the brackets is retained. As 
mentioned before, the Hall solution diverges for re/rth < 1. 
If only the first term in the brackets is included, the 
prediction is identical to that of either Sauer (Ref. 10) 

or Oswatitsch and Rothstein (Ref. 13). Thus, the lower 
predicted values of the flow coefficient further show the 
inadequacy of existing predictions for nozzles with 
rc/rth < 1. 

VIII. THRUST RATIOS 

To indicate how the nozzles tested would perform as 
thrust devices, Fig. 9 shows ratios of actual thrust to that 
for one-dimensional isentropic flow (7 = 1.40) for a stag- 
nation temperature of 1!XO0R (cooled walls): 

To clearly illustrate the deviations, the nozzles are as- 
sumed to discharge into a vacuum, and the thrust ratios 
are shown for hypothetical expansion-area ratios from a 
value of 1 to that of the static-pressure tap location nearest 
the nozzle exit. The terms in the thrust expression repre- 
sent the force on the nozzle-inlet area or effective chamber 
end wall and the integrated wall pressure distribution 
resulting in the axial force on the nozzle side wall. The 
shape of the thrust-ratio curve is dependent on whether 
the wall pressure is less or greater than the one- 
dimensional flow value and on the magnitude of the 
difference, as shown in Fig. 5. As the expansion-area 
ratio increases to about 1.5, the thrust ratio decreases 
as a result of the lower measured than one-dimensional 
flow pressures in this region. The thrust ratio then 
increases as the measured pressures exceed the one- 
dimensional values in the conical section. As was noted 
for the 45-15-deg nozzle, at larger expansion-area ratios, 

1.00 

099 

< 0.96 

d 0.91 

k 
0 
I- 

I- 
v) 
3 n 

096 

0.95 15O !.& 0.25 

094 
I 2 3 4 5 6 7 6 

NOZZLE EXPANSION-AREA RATIO A/A,b 

Fig. 9. Variation of thrust ratio with expansion-area 
ratio (Curves were obtained from averaged 

p/pl ratios shown in Fig. 5.1 

the measured pressures again cross over and become less 
than the one-dimensional flow values. This leads to a 
slight decrease again in the thrust ratio. Shown for com- 
parison is the often quoted correction factor, Yz (1 + cos e), 
for nonaxial exit flow for conical nozzles. Thrust ratios 
for cold flow would be the same as those shown in 
Fig. 9, based on the data in Fig. 2B. 
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30-1 5-de9 

45-15-deg 

4 

IX. SONIC LINE 

0.1 5-0.16 0.19 0.16 

0.13-0.14 0.34 - 

Table 1 contains a comparison at a stagnation tem- 
perature of 1500OR (cooled walls) of predicted and experi- 
mental location of the intersection of the sonic line with 
the edge of the boundary layer. The experimental values 
correspond to the point at which the Mach number ob- 
tained from the measured static-pressure distributions 
for isentropic flow (7 = 1.35) was equal to unity. One 
prediction for isentropic flow is from either Sauer (Ref. 10) 
or Oswatitsch and Rothstein (Ref. 13): 

where [ is the axial distance upstream of the geometric 
throat. The other isentropic flow prediction is from Hall's 
analysis (Ref. 9). For the 30-15-deg nozzle, the prediction 
from Eq. (6) gives a value larger than that measured for 

the upstream distance to the sonic line, with better agree- 
ment afforded by Hall's prediction. Hall's analysis is not 
applicable to the 45-15-deg nozzle, since r, /rth < 1; by 
using Eq. (6), the predicted distance is more than twice 
the experimentally deduced value. The cold-flow experi- 
mental values would be the same as those indicated in 
Table 1, based on the data in Fig. 2B. 

Table 1. Comparison of predicted and experimental 
sonic line intersection with edge of boundary layer 

at Tt = 1500'R (cooled walls) 

X. MASS FLUX RATIOS 

For the calculation of boundary-layer flow and heat 
transfer to nozzle walls, the local mass flux (pV), at the 
edge of the boundary layer is needed. By assuming isen- 
tropic flow (7 = 1.4), this local mass flux was calculated 

from the measured static-pressure distributions and is 
shown nondimensionalized by the one-dimensional isen- 
tropic flow value in Fig. 10. Through most of the nozzle, 
the local mass flux is less than the one-dimensional value, 

NOZZLE AREA RATIO A/A, 

Fig. 10. local to one-dimensional mass flux ratios along the nozzles (Values were determined from averaged 
p/pl ratios shown in Fig. 5.1 
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which implies lower wall heat fluxes, since for turbulent 
boundary-layer flows, q a (pV)tI5. The slightly higher 
static pressures p > p ,  in the nozzle-inlet region observ- 
able in Fig. 5 result in larger differences in the mass 
fluxes. In this region, static pressures p > pl correspond 
to velocities V < u,, since compressibility effects are un- 
important. Conversely, in the supersonic region, the den- 
sity decreases faster than the velocity increases so that 
the mass flux ratio is similar in trend to the pressure ratio 
p / p l  in Fig. 5, but the deviations from one-dimensional 

flow are smaller in magnitude. The mass flux deviation 
amounts to about 20% in the inlet region and just down- 
stream of the throat for the 45-15-deg nozzle; with the 
30-15-deg nozzle, the deviations are less. 

The maximum values of the mass flux (pV), occur just 
upstream of the geometric throat at the intersection of the 
sonic line with the edge of the boundary layer. It is in 
this region that heat-transfer measurements indicate the 
maximum heat flux to the wall (Ref. 1, 6, 18). 

XI. CONCLUSIONS 

Wall static-pressure measurements have been presented 
for air flowing through circular-arc-throat conical nozzles. 
The results indicate the following: 

1. In the throat region, the magnitude of the devia- 
tions in static pressure from one-dimensional flow 
depends on the ratio of throat radius of curvature to 
throat radius r, /rth.  These deviations amount to as 
much as about 30 and 45% for the nozzles with 
rr/rth = 2.0 and 0.625, respectively, and are essen- 
tially independent of inlet configuration. 

2. Smaller deviations in static pressure from one- 
dimensional flow were found in the conical sections. 
In the convergence region, the magnitude increases 
with convergence angle, while in the divergence 
region, this effect was not investigated since all the 
nozzles tested had a 15-deg half-angle of divergence. 

3. For underexpanded operation, the pressure measure- 
ments were insensitive to the effects of both cooled 
and uncooled walls and to nozzle-inlet boundary- 
layer thickness to 0.45 of the nozzle-inlet radius. 
Thus, boundary-layer effects were found to be 
negligible. 

4. Pressure readings depend on tap size, with differ- 
ences up to 7% found between 0.010- and 0.040-in.- 
diameter holes. The smaller tap reads the lower 

pressure, which is believed 
static pressure. 

) be nearer the true 

5. For overexpanded nozzle operation, the separation 
point moved downstream with wall cooling for tests 
at the same stagnation pressure, so that the hot-flow 
cooled-wall separation-to-ambient pressure ratios 
were generally about 5 to 1W below the cold-flow 
values. 

6. Deviations in mass flow rate and thrust from pre- 
dictions for one-dimensional flow appear to be due 
to the two-dimensionality of the flow, with boundary- 
layer displacement effects relatively unimportant for 
the nozzles investigated which have expansion-area 
ratios to 6.6. 

7. In the throat region, local mass fluxes at the edge of 
the boundary layer deduced from the static-pressure 
measurements deviate less from one-dimensional 
flow values than do the static pressures. In the con- 
vergence section, the magnitudes of these deviations 
are about the same as they are in the throat region 
and depend on the convergence angle. 

Two-dimensional flow predictions are in close agree- 
ment in the throat region with the data for the nozzles 
with T c / r t h  = 2.0 but inadequate for the nozzle with 
rr / r th  = 0.625. 
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NOMENCLATURE 

a 

a* 

A 

Ath 

cd 

d 
D 

F 

1 
m 

M 

P 
P a  

P S  

P t  

r 

r t h  

V C  

ri 

R 

speed of sound 

speed of sound at the sonic condition 

local nozzle cross-sectional area 

nozzle-throat area 

flow coefficient 

static-pressure tap diameter 

nozzle-inlet diameter 

axial thrust 

nozzle approach length 

mass flow rate 

Mach number 

wall static pressure 

ambient pressure 

separation pressure 

stagnation pressure 

nozzle radius 

nozzle-throat radius 

nozzle-throat radius of curvature 

nozzle-inlet radius of curvature 

nozzle-inlet radius 

T, stagnation temperature 

T ,  wall temperature 

z axial distance from nozzle inlet 

u velocity component in z-direction 

V flow velocity at wall 

specific-heat ratio 

velocity boundary-layer thickness at nozzle inlet 6 

6* displacement thickness 

nozzle contraction-area ratio 

nozzle expansion-area ratio 

v kinematic viscosity 

6 
p density 

T wall shear stress 

distance defined in Eq. (6) 

Subscripts 

e 

i condition at nozzle inlet 

s condition at flow separation 

t stagnation condition 

1 one-dimensional flow value 

condition at free-stream edge of boundary layer 
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October 27, 1965 

Recipients of Jet Propulsion Laboratory 
Technical Report No. 32-654 

SUBJECT: Errata for Technical Report No. 32-654 

Gentlemen: 

It is requested that the following changes be made in your copy of Jet Propulsion 
Laboratory Technical Report No. 32- 654 entitled, "C_omparisons of Experimental with 
Predicted Wall Static-Pressure Distributions in Conical Supersonic Nozzles, '' by 
L. H. Back, P. F. Massier, andH. L. G i e r ,  dated October 15, 1964: 

1. On page 12, Eq. (4) should read 

m 1 - ( y t l )  
C C 

t 754y2 t 5529 1971y 60 t 2007 ($ - ....I 
2. On page 14, Eq. (6) should read 

The values shown in Figure 8 (page 12) and Table 1 (page 14) were correctly 
derived from the above equations. 
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