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Abstract: An isentropic, one-dimensional model is used to analyse the dynamics of dilute two-phase
(feed powder particles plus the carrier gas) ﬂow during the cold-spray process. While the physical
foundation of the model is quite straightforward, the solution for the model can be obtained only
numerically. The results obtained show that there is a particle-velocity-dependent, carrier-gasinvariant optimal value of the relative gas/particle Mach number that maximizes the drag force
acting on feed powder particles and, hence, maximizes the acceleration of the particles. Furthermore,
it is found that if the cold-spray nozzle is designed in such a way that at each axial location
the acceleration of the particles is maximized, a signiﬁcant increase in the average velocity of the
particles at the nozzle exit can be obtained. For the optimum design of the nozzle, helium as the
carrier gas is found to give rise to a substantially higher exit velocity of the particles than air. All
these ﬁndings are in good agreement with experimental observations.
Keywords: cold-gas dynamic spray process, nozzle design and optimization
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INTRODUCTION

Thermal spray processes such as high-velocity oxy-fuel,
detonation gun, plasma spray and arc spray are widely
used to apply protective coatings to parts and to repair
worn-out parts (e.g. large-diameter shafts in turbines
and pumps). In these processes, the coating material is
heated to temperatures high enough to induce melting.
Consequently, the high heat input to the part being
coated/repaired accompanying these processes can be
detrimental if the material of the part degrades when
subjected to high temperatures. This problem is generally
avoided in the cold-gas dynamic-spray process.
The cold-gas dynamic-spray process, often referred to
as simply ‘cold spray’, is a high-rate material deposition
process in which ﬁne, solid powder particles (generally
150 mm in diameter) are accelerated in a supersonic
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Fig. 1 Schematic of a typical cold-spray system

jet of compressed (carrier) gas to velocities in a range
between 500 and 1000 m/s. As the solid particles impact
the target surface, they undergo plastic deformation
and bond to the surface, rapidly building up a layer of
deposited material. Cold spray as a coating technology
was initially developed in the mid-1980s at the Institute
for Theoretical and Applied Mechanics of the Siberian
Division of the Russian Academy of Science in Novosibirsk [1, 2]. The Russian scientists successfully deposited
a wide range of pure metals, metallic alloys, polymers
and composites on to a variety of substrate materials.
In addition, they demonstrated that very high coating
deposition rates on the order of 5 m2 /min (300 ft2 /
min) are attainable using the cold-spray process.
A simple schematic of a typical cold-spray device is
shown in Fig. 1. Compressed gas of an inlet pressure on
the order of 30 bar (500 lb/in2 ) enters the device and
ﬂows through a converging/diverging nozzle to attain a
supersonic velocity. The solid powder particles are metered
into the gas ﬂow upstream of the converging section of the
nozzle and are accelerated by the rapidly expanding gas.
To achieve higher gas ﬂow velocities in the nozzle, the
compressed gas is often preheated. However, while preheat
temperatures as high as 900 K are sometimes used, due to
the fact that the contact time of spray particles with the hot
gas is quite short and that the gas rapidly cools as it
expands in the diverging section of the nozzle, the temperature of the particles remains substantially below the initial
gas preheat temperature and, hence, below the melting
temperature of the powder material.
The actual mechanism by which the solid particles
deform and bond during cold spray is still not well
understood. The prevailing theory for cold-spray bonding postulates that, during impact, the solid particles
undergo plastic deformation, disrupt thin (oxide) surface
ﬁlms and, in turn, achieve intimate conformal contact
with the target surface. The intimate conformal contact
combined with high contact pressures promotes bonding. This theory is supported by a number of experimental ﬁndings such as:
1. A wide range of ductile (metallic and polymeric)
materials can be successfully cold-sprayed while
Proc. Instn Mech. Engrs Vol. 217 Part B: J. Engineering Manufacture

non-ductile materials such as ceramics can be deposited only if they are co-cold-sprayed with a ductile
(matrix) material.
2. The mean deposition particle velocity should exceed a
minimum (material-dependent) critical velocity to
achieve deposition, which suggests that suﬃcient
kinetic energy must be available to plastically deform
the solid material and/or disrupt the surface ﬁlm.
3. The particle kinetic energy at impact is typically signiﬁcantly lower than the energy required to melt the
particle, suggesting that the deposition mechanism
is primarily, or perhaps entirely, a solid-state process.
The lack of melting is directly conﬁrmed through
micrographic examination of the cold-sprayed
materials [2].
Because the cold-spray process does not normally
involve the use of a high-temperature heat source, it
generally oﬀers a number of advantages over the
thermal-spray material deposition technologies. Among
these advantages, the most important appear to be:
1. The amount of heat delivered to the coated part is
relatively small so microstructural changes in the
substrate material are minimal or nonexistent.
2. Due to the absence of in-ﬂight oxidation and other
chemical reactions, thermally sensitive and oxygen
sensitive depositing materials (e.g. copper or titanium) can be cold sprayed without signiﬁcant
material degradation.
3. Nanophase, intermetallic and amorphous materials,
which are not amenable to conventional thermal
spray processes (due to a major degradation of the
depositing material), can be cold sprayed.
4. Formation of the embrittling phases is generally
avoided.
5. Macro- and micro-segregations of the alloying
elements during solidiﬁcation that accompany conventional thermal spray techniques and can considerably compromise material properties do not occur
during cold spraying. Consequently, attractive properties are retained in cold-sprayed bulk materials.
6. The ‘peening’ eﬀect of the impinging solid particles
can give rise to potentially beneﬁcial compressive
residual stresses in cold-spray deposited materials [3],
in contrast to the highly detrimental tensile residual
stresses induced by solidiﬁcation shrinkage accompanying the conventional thermal-spray processes.
7. Cold spray of materials like copper, solder and polymeric coatings oﬀers exciting new possibilities for cost
eﬀective and environmentally friendly alternatives to
technologies such as electroplating, soldering and
painting [4].
The solid state particle-bonding mechanism discussed
above suggests and experimental observations (e.g. see
reference [4]) conﬁrm that it is desirable to maximize
the velocity at which feed powder particles impact the
B19002
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target surface. While, in general, this can be accomplished
by increasing the inlet pressure of the carried gas, for
practical and economic reasons it is desirable to maximize
the particle impact velocity at a given level of the carriergas inlet pressure by properly selecting the type of the
carrier gas and its inlet temperature and by optimizing
the shape of the converging/diverging cold-spray
nozzle. A quite detailed analysis of the eﬀect of the type
of carrier gas, the gas inlet temperature and the shape
of the cold-spray nozzle on the impact velocity of the
feed powder particles has been carried out by Dykhuizen
and Smith [5] using an isentropic, one-dimensional gasﬂow model. The objective of the present work is to
extend the analysis of Dykhuizen and Smith [5] in order
to include the eﬀects of the ﬁnite particle velocity and
variability of the gas/particle drag coeﬃcient.
The organization of the paper is as follows. A brief
overview of the one-dimensional isentropic gas ﬂow
model developed by Dykhuizen and Smith [5] and
utilized in this work is presented in section 2. An extension of the particle dynamics model originally proposed
by Dykhuizen and Smith [5] to include the eﬀect of the
ﬁnite particle velocity is discussed in section 3. The
main results obtained in the present work and pertaining
to the determination of an optimum variation of the gas
Mach number along the diverging section of the nozzle,
optimization of the nozzle shape and the sensitivity of
the optimum nozzle shape to variations in the drag
coeﬃcient are presented and discussed in sections 4.1,
4.2 and 4.3 respectively. The key conclusions resulting
from the present study are summarized in section 5.
2

the smallest cross-sectional area of the converging/
diverging nozzle (referred to as the ‘nozzle throat’ in
the following) where the Mach number (the velocity of
the gas divided by the local speed of sound) is unity
can be deﬁned as
T ¼

The carrier gas ﬂow is assumed to originate from a
large chamber or duct where its velocity is zero and the
pressure (referred to as the ‘stagnation’ pressure) is P0
and the temperature (referred to as the ‘total’ gas temperature) is T0 . The cold-spray process is furthermore
assumed to be controlled by the user, who can set the
total temperature and the mass ﬂowrate of the gas. The
corresponding stagnation pressure can then be calculated using the following procedure.
From the basic dynamic and thermodynamic relations
for the compressible ﬂuid ﬂow, the gas temperature T  at
B19002
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ð1Þ

where R is the gas constant (the universal gas constant
divided by the gas molecular weight). It should be
noted that the superscript  is used throughout this
paper to denote the quantities at the nozzle throat, i.e.
the gas quantities under sonic conditions. Equation (2)
can be used to explain the experimental ﬁnding that the
low molecular weight (and, hence, large R), monoatomic
(and, hence, large  and, in turn, high T  ) helium is
a better carrier gas than the high molecular weight,
diatomic air since for the same total gas temperature,
T0 , it is associated with a higher speed of sound.
From the known (user selected) mass ﬂowrate, m_ , the
sonic gas density can be computed as
 ¼

1. The gas ﬂow is assumed to be one dimensional and
isentropic (adiabatic and frictionless).
2. The gas is treated as a perfect (ideal) gas.
3. The constant-pressure and the constant-volume
speciﬁc heats of the gas are assumed to be constant.

T0
1 þ ð  1Þ=2

where  is the ratio of the constant-pressure and the constant-volume speciﬁc heats and is typically set to 1.66
and 1.4 for monoatomic and diatomic gases respectively.
Since air is primarily a mixture of nitrogen and oxygen, it
is considered as a diatomic gas. In multi-atom molecular
gases,  takes on values smaller than 1.4, but such gases
are rarely used in the cold-spray process.
The gas velocity at the nozzle throat is equal to the
speed of sound and is deﬁned as
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
V  ¼ RT 
ð2Þ

ISENTROPIC GAS FLOW MODEL

In this section, a brief overview is given of the cold-spray
gas-ﬂow model developed by Dykhuizen and Smith [5].
The model considers a typical geometry of the coldspray converging/diverging nozzle (Fig. 1) and involves
a number of assumptions and simpliﬁcations such as:

3

m_
V  A

ð3Þ

where A is the (known) cross-sectional area of the
nozzle throat. Next, using the ideal gas law, the gas
pressure at the nozzle throat can be determined as
P ¼  RT 

ð4Þ

Once the throat pressure P is computed, the stagnation
pressure P0 can be calculated using the following isentropic relation:
 =ð  1Þ


  1 =ð  1Þ
 T0

P0 ¼ P
¼P 1þ
ð5Þ
2
T
After all of the gas-dynamics quantities (T  , V  , 
and P ) have been calculated at the nozzle throat, it is
possible to determine these quantities along the diverging
section of the nozzle. Towards that end, the variation of
one of these quantities or the variation of the Mach
number or the variation of the nozzle cross-sectional
area along the diverging section of the nozzle must be
speciﬁed. Dykhuizen and Smith [5] considered the case
when the variation of the nozzle cross-sectional area A
Proc. Instn Mech. Engrs Vol. 217 Part B: J. Engineering Manufacture
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is speciﬁed, which then allows determination of the
corresponding Mach number M from the following
equation:
A
¼
A



1
M



2
þ1


1þ

1 2
M
2

=½2ð  1Þ

pressure. However, due to a relatively short nozzle exit/
target surface standoﬀ distance encountered in the coldspray process, the decrease in the gas velocity is not
expected to be signiﬁcant and the exit gas velocity can
be used as a good approximation of the gas velocity at
the target surface.

ð6Þ
Once the Mach number is determined at a given crosssectional area of the diverging section of the nozzle,
the remaining corresponding gas quantities (P, T, V
and ) can be calculated using the following isentropic
relationships:


P¼P



þ1
2 þ ð  1ÞM 2

=ð  1Þ

T0
1 þ ½ð  1Þ=2M 2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
V ¼ M RT
T¼

¼

0
f1 þ ½ð  1Þ=2M 2 g1=ð  1Þ

ð7Þ
ð8Þ
ð9Þ
ð10Þ

Equations (7) to (10) can be used to compute P, T, V
and  at the nozzle exit, if the given exit cross-sectional
area Ae is substituted for A in equation (6). However,
it must be noted that P, T, V and  deﬁned in this way
will reﬂect the true conditions of the gas at the nozzle
exit only if normal shock does not take place inside the
nozzle. To determine whether the normal shock will
take place inside the nozzle, the ambient pressure
should be compared with the following ‘shock’ pressure:


2
1
Ps ¼ Pe
Me2 
ð11Þ
þ1
þ1
where the subscript e is used to denote the gas quantities
at the nozzle exit.
If the shock pressure Ps is lower than the ambient
pressure, a shock will occur inside the nozzle and the
subsequent gas ﬂow is subsonic. Therefore the exit
pressure is not given by equation (7) but rather is equal
to the ambient pressure. Under normal cold-spray
operating conditions, the shock pressure is maintained
above the ambient pressure so that no shock occurs
inside the nozzle and the exit pressure is deﬁned by
equation (7). At the same time, the exit gas pressure, Pe ,
is generally lower than the ambient pressure in an eﬀort
to maximize the exit velocity of the gas (and thus the
average velocity of the feed powder particles, referred
to as the particle velocity in the following). Under such
conditions, the one-dimensional gas dynamics model
developed by Dykhuizen and Smith [5] and brieﬂy
reviewed above can be used to analyse the gas ﬂow
inside the nozzle. As the gas leaves the nozzle, it slows
down as the gas pressure tries to adjust to the ambient
Proc. Instn Mech. Engrs Vol. 217 Part B: J. Engineering Manufacture
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PARTICLE DYNAMICS MODEL

Dykhuizen and Smith [5] also analysed the interactions
of the carrier gas with the spray particles under the
approximation of a dilute two-phase (gas plus noninteracting solid particles) ﬂow. The particle velocity
VP can in this case be determined by solving the following diﬀerential equation:
mP

dVP
dVP CD AP ðV  VP Þ2
¼ mP VP
¼
dt
dx
2

ð12Þ

where mP and AP are the average mass and crosssectional area of the particles respectively, CD is the
drag coeﬃcient, t the time and x the axial distance
travelled by the particle (measured from the nozzle
throat). Equation (12) shows that the maximum particle
velocity is equal to the gas velocity. Under the condition
of constant gas velocity, gas density and drag coeﬃcient,
equation (12) can be integrated to yield


V  VP
V
C A x
log
1¼ D P
ð13Þ
þ
V  VP
2mP
V
When the particle velocity is very small in comparison
to the gas velocity, equation (13) can be simpliﬁed as
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
CD AP x
3CD x
VP ¼ V
¼V
ð14Þ
mP
2DP P
which is consistent with experimental observations [6]
that the spray particle velocity is proportional to the
square root of the ratio of the distance travelled x and
the particle diameter DP . In equation (14) P denotes
the particle material density.
A simple analysis of equation (12) shows that the
ultimate particle velocity is equal to the gas velocity.
Furthermore, examination of equations (6), (8) and (9)
indicates that the gas velocity within the nozzle depends
on the total gas temperature and the nozzle geometry (i.e.
the cross-sectional area at a given axial distance x) but
not on the gas pressure. However, equations (9), (10)
and (12) indicate that the initial particle acceleration
(dVP =dt at VP ¼ 0) is linearly dependent on the stagnation pressure but independent of the total temperature.
Thus, while the stagnation pressure does not aﬀect the
maximum particle velocity, it has to be suﬃciently high
to ensure that the spray particle velocity will approach
the gas velocity over a relatively short length of the
diverging section of the nozzle.
B19002
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4

RESULTS AND DISCUSSION

4.1

Determination of the optimum Mach number

Equation (12) shows that the particle acceleration,
dVP =dt, is inﬂuenced by two quantities of the carrier
gas: the gas velocity and the gas density. Since these
two conditions are mutually coupled through the gas
dynamics equations (and, consequently, the gas density
decreases as the gas velocity increases along the diverging
section of the nozzle), an optimal condition of the gas
exists that maximizes the particle acceleration. This condition corresponds to the maximum of the drag force
acting on the particle [the right-hand side of equation
(12)]. Under the assumption that the particle velocity is
small in comparison to the gas velocity (i.e. VP  V)
and for constant CD , the optimal gas condition can be
obtained by diﬀerentiating the drag force, D (the righthand side of equation (12) with VP ¼ 0), with respect
to the Mach number to yield


dD
C A M
  1 2 =ð  1Þ
¼ D P
M
1þ
dM
2
2


2  M2
1 þ ½ð  1Þ=2M 2

ð15Þ

Since  > 1, equation (15) shows that the maximum
acceleration of a stationary
particle is achieved at the
pﬃﬃﬃ
gas velocity of Mach 2 at which dD=dM ¼ 0.
The optimum value of the gas Mach number (or the
relative Mach number deﬁned as a diﬀerence between
the gas and the particle Mach numbers) at diﬀerent
values of the particle
velocity (or the particle Mach
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
number MP ¼ VP = RT ) are determined in the present
work, by ﬁnding (numerically) the maximum in the
drag force, D, in which the V 2 term is replaced by a
ðV  VP Þ2 term. The results of this calculation are
presented in Fig. 2.
Figures 2a and b show the drag force (normalized by
2=ðCD AP ) contour plots as a function of the pparticle
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Mach number with respect to T  , MP ¼ VP = RT  )
and the pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
relative gas Mach number Mr ¼
ðV  VP Þ= RT for air and helium as the carrier
gases. The following (typical) cold-spray processing
conditions are used to generate the results presented in
Figs 2a and b, as well as throughout the rest of this
paper: the total gas temperature T0 ¼ 600 K, the stagnation pressure P0 ¼ 22 bar, the mean particle diameter
DP ¼ 10 mm and the particle material density
P ¼ 8 g=cm3 .
The results presented in Figs 2a and b show that, for
both air and helium, the maximum drag force occurs at
a relative Mach number (referred to as the optimum
relative Mach number, Mropt ) whose value decreases
with an increase in the particle Mach number (i.e. with
the particle velocity). The variation of the optimum
relative Mach number with respect to the particle
B19002
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Mach number MP is shown in Fig. 2c. It is seen that
the decrease in the optimum relative Mach number
with an increase in the particle Mach number is somewhat more pronounced in helium than in air. The variation of the optimum relative Mach number with respect
to the particle Mach number
relative to the actual gas
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
temperature T, MP ¼ VP = RT , is shown in Fig. 2d.
It is seen that, as expected, the optimum relative Mach
number decreases with an increase in the particle Mach
number. Furthermore, it is seen that the Mropt versus
MP relationship is independent of the type of carrier
gas. The results presented in Figs 2c and d are generally
consistent with experimental ﬁndings, which show that
the spray particle velocity is maximal at a Mach
number around unity [6].
4.2

Optimization of the nozzle shape

The analysis presented in the previous section indicates
that in order to maximize the spray particle acceleration
at each axial location along the diverging section of the
nozzle, the relative Mach number should take on a
value equal to the value of the optimal relative Mach
number corresponding to the local value of the particle
Mach number. Dykhuizen and Smith [5] assumed that
the optimal value of the relative Mach number is
independent of the particle Mach number and that it is
equal to unity. Instead, in the present paper, the optimal
value of the relative Mach number is taken to be deﬁned
by the Mropt versus MP relationship, as displayed in Fig.
2d. The relationship between the gas and the particle
velocities can then be expressed as
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
V  VP ¼ Mropt RT
ð16Þ
In this section, a procedure for optimization of the
nozzle shape which maximizes the exit particle velocity
for the given gas stagnation pressure, the total gas temperature and the spray particle properties is presented.
Diﬀerentiation of equation (16) with respect to the
axial position of the particle yields
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dV dVP
RT dT
opt

¼ Mr
dx
2T dx
dx
opt
dMr dMP dVP pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
þ
RT
ð17Þ
dMP dVP dx
Diﬀerentiation of equation (9) gives
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dV pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ dM M RT dT
¼ RT
þ
dx
dx
2T
dx

ð18Þ

while combining equations (12) and (16) and diﬀerentiating with respect to x gives
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dVP
RT CD AP 
¼
ð19Þ
dx
2mP ðM  Mropt Þ
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Fig. 2 (a) and (b) Contour plots of the normalized drag force relative to variations in the particle Mach
number and the relative gas Mach number for air and helium as the carrier gases. (c) and (d) Variations
of the optimum relative gas Mach number with respect to the particle Mach number relative to the
nozzle throat temperature T  and the actual gas temperature T respectively

where

Also, diﬀerentiation of equation (8) gives
dT
2T0
¼
dx 2 þ ð  1ÞM 2

ð20Þ

Combining equations (17) to (20) and using equation
(10) gives


dM 2 þ ð  1ÞMMropt
ðM  Mropt Þ
dX
2 þ ð  1ÞM 2




2 þ ð  1ÞM 2 1=ð  1Þ
dMropt
opt 2
ðMr Þ 1 þ
¼
2
dMP
ð21Þ
Proc. Instn Mech. Engrs Vol. 217 Part B: J. Engineering Manufacture

X¼

xCD AP 0
2mP

ð22Þ

and the stagnation density, 0 , is deﬁned by the ideal gas
law as
0 ¼

P0
RT0

ð23Þ

The optimal variation of the Mach number along
the length of the diverging section of the nozzle is
obtained by solving equation (21). It should be noted
that, since the normalized axial variable X depends on
B19002
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the stagnation density 0 [and via equation (23) on the
stagnation pressure P0 , the total gas temperature T0
and the gas molecular weight], the optimal variation of
the Mach number, MðxÞ, and, via equation (6), the
optimal variation in the nozzle cross-section expansion
ratio, A=A , along the diverging section of the
nozzle are inﬂuenced by the cold-spray processing
(stagnation) conditions and by the type of carrier gas
used. Once the optimal variation of the Mach number
is found, the corresponding variation of the particle
velocity is obtained by combining equations (8), (9)
and (10) to get
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
RT0
VP ¼ ðM  Mropt Þ
1 þ ½ð  1Þ=2M 2

ð24Þ

As discussed earlier, due to a short standoﬀ distance
encountered in the cold-spray process, the eﬀect of
particle deceleration upon exiting the nozzle is not
expected to be signiﬁcant. Hence, if equation (24) is
used to compute the particle velocity at the nozzle exit,
such velocity is expected to be a good approximation
for the velocity at which the feed powder particles
impact the target surface.
As pointed out earlier, the axial position (X) in
equation (21) is measured from the nozzle throat, so
by solving this equation and using equation (6) the
optimal shape (i.e. the optimal expansion ratio proﬁle,
A=A ) of the diverging section of the nozzle is obtained.
The converging section of the nozzle, on the other hand,
is desirable to be as short as possible in order to attain the
required Mach 1 gas velocity at the nozzle throat quickly.
However, for the isentropic ﬂow conditions used in the
model to be satisﬁed, a gradually converging section of
the nozzle is required.
Equation (21) is solved numerically in the present
work using a ﬁrst-order, forward diﬀerence scheme. All
the calculations are carried out for a 0.1 m long diverging
section of the cold-spray nozzle and under the condition
of a constant drag coeﬃcient CD whose value is set to 1.
The remaining cold-spray processing and feed powder
conditions are set identical to the ones used in the previous section: the total gas temperature T0 ¼ 600 K, the
stagnation pressure P0 ¼ 22 bar, the mean particle diameter DP ¼ 10 mm and the particle material density
P ¼ 8 g/cm3 . Once the optimal variation of the Mach
number along the diverging section of the nozzle is
determined, equation (24) is used to obtain the corresponding variation of the gas velocity. Next, equation
(12) is used to calculate the corresponding variation of
the particle velocity and, ﬁnally, equation (6) is used to
determine the optimal nozzle shape (i.e. the optimal
variation of the optimal nozzle cross-section expansion
ratio). The results of this calculation are presented in
Fig. 3. For comparison, the corresponding results
obtained under the approximation used by Dykhuizen
B19002

# IMechE 2003

7

and Smith [5], that the optimal relative Mach number
is 1, are also presented.
The results displayed in Fig. 3a show the variation of
the velocity of air and helium along the diverging section
of the nozzle. The corresponding results obtained under
the assumption used by Dykhuizen and Smith [5] are
denoted as ‘Ref. [5]’ in Fig. 3a, as well as in the subsequent ﬁgures. The results shown in Fig. 3a indicate
that by setting the relative Mach number to its optimal
value at each axial location along the diverging section
of the nozzle, the gas exit velocity can be increased by
5.3 per cent for air and by 2.6 per cent for helium relative to the ones obtained under the condition of a relative
Mach 1 number.
The variation of the particle velocity along the diverging section of the nozzle for the cases of air and
helium as the carrier gases is displayed in Fig. 3b. The
results shown in Fig. 3b indicate that by setting the
relative Mach number to its optimal value at each axial
location along the diverging section of the nozzle, the
gas particle velocity can be increased by 3.5 per cent
for air and by 17 per cent for helium as the carrier
gas relative to the particle velocities obtained under the
condition of a relative Mach 1 number. The signiﬁcantly
smaller increase in the particle velocity for the case of air
as the carrier gas can be understood by comparing the
results shown in Figs 3a and b. It is seen that, in the
case of air, the particle velocity is already within 5 per
cent of the air velocity under the condition of a relative
Mach 1 number.
The variation of the optimal nozzle cross-section
expansion ratios along the diverging section of the
nozzle for helium and air as the carrier gases is shown
in Fig. 3c. It is seen that the optimal nozzle cross-section
expansion ratios for helium and air as the carrier gases
are quite diﬀerent from their counterparts obtained
under the approximation used by Dykhuizen and
Smith [5].
The variation of the gas pressure and the corresponding shock pressure along the diverging section of the
nozzle for helium and air as the carrier gases is shown
in Fig. 3d. In addition, the ambient pressure of 1 atm is
also indicated in the same ﬁgure. It is seen that the
shock pressure for both air and helium remains above
the ambient pressure until the nozzle exit, suggesting
that the normal shock will not occur within the coldspray nozzle. Furthermore, it is seen that in the case of
air, the gas ﬂow is overexpanded, i.e. the air exit pressure
is lower than the ambient pressure. As discussed earlier,
this scenario is typically encountered in the cold-spray
process.
The results shown in Fig. 3d further indicate that there
is a maximum allowable, carrier-gas dependent length of
the diverging section of the nozzle which, if exceeded,
would give rise to the occurrence of the normal shock
inside the nozzle. If longer nozzles are needed under
speciﬁc circumstances, they may be allowed, but the
Proc. Instn Mech. Engrs Vol. 217 Part B: J. Engineering Manufacture
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Fig. 3 Variations of (a) the gas velocity, (b) the particle velocity, (c) the optimum nozzle cross-section expansion ratio and (d) the pressure and the shock pressure along the diverging section of the nozzle under a
constant drag coeﬃcient, CD ¼ 1. See the text for details of the cold-spray processing conditions and
feed powder properties

nozzle cross-sectional area must remain constant after
the maximum allowable value of the expansion ratio is
reached in order to prevent the normal shock from
occurring inside the nozzle.

4.3

Eﬀect of the variable drag coeﬃcient

All the calculations performed in the previous
sections were carried out under the condition that
Proc. Instn Mech. Engrs Vol. 217 Part B: J. Engineering Manufacture

the drag coeﬃcient CD is constant and equal to
unity. In this section, the eﬀect of variation in the
magnitude of the drag coeﬃcient with the ﬂow conditions on the particle exit velocity and on the optimal
variation in the nozzle cross-section expansion ratio
is analysed.
The drag coeﬃcient correlating equations for spherical
particles over a wide range of ﬂow conditions as
developed by Henderson [7] are used in the present
work. For the subsonic ﬂow, Henderson [7] proposed
B19002
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the following relation:




3:65  1:53TP =T
CD ¼ 24 Re þ S 4:33 þ
1 þ 0:353TP =T
1

Re
 exp 0:247
S
pﬃﬃﬃﬃﬃﬃ


0:5Mr
4:5 þ 0:38ð0:03Re þ 0:48 ReÞ
pﬃﬃﬃﬃﬃﬃ
þ exp  pﬃﬃﬃﬃﬃﬃ
1 þ 0:03Re þ 0:48 Re
Re

2
8
þ 0:1Mr þ 0:2Mr




M
þ 1  exp  r
Re


0:6S

ð25Þ

where Re ¼  v DP = is the Reynolds number based
on the particle diameter, DP , the relative gas/particle
velocity, v, the freestream gas density, , andp
viscosity,
ﬃﬃﬃﬃﬃﬃﬃﬃ
. Mr is the relative Mach number and S ¼ Mr =2. TP
in equation (25) denotes the (uniform) particle temperature and T the freestream gas temperature.
For the supersonic regime at Mach numbers equal to
or exceeding 1.75, Henderson [7] proposed the following
expression:
0:9 þ

CD ¼



0:34
M1 1=2
þ
1:86
2
Re1
M1

 

2
1:058 TP 1=2
1
 2þ 2 þ
 4
S1
T
S1
S1

1=2
M1
1 þ 1:86
Re1

ð26Þ
where the subscript 1 is used to denote the freestream
quantities. For the supersonic regime at Mach numbers
between 1.0 and 1.75, Henderson [7] proposed the
following linear interpolation:
CD ðM1 , Re1 Þ ¼ CD ð1:0, ReÞ þ 43 ðM1  1:0Þ
 ½CD ð1:75, Re1 Þ  CD ð1:0, Re1 Þ
ð27Þ
where CD ð1:0, ReÞ denotes the drag coeﬃcient calculated
using equation (25) at Mr ¼ 1:0 and CD ð1:75, Re1 Þ
represents the drag coeﬃcient calculated using equation
(26) with M1 ¼ 1:75.
To include the eﬀect of variability of the drag coeﬃcient on the particle exit velocity and on the optimal
shape of the diverging section of the cold-spray nozzle,
equation (21) is solved numerically while the drag coeﬃcient CD at each axial location of the nozzle is assigned a
value consistent with the local ﬂow conditions, as deﬁned
by the appropriate correlating equation [equation (25),
(26) or (27)]. The results of this calculation are shown
in Figs 4 and 5.
B19002
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Fig. 4

Variations of (a) the drag coeﬃcient and (b) the change
in the particle temperature (and gas temperature; see
the inset) along the length of the diverging section of
the nozzle

The variation of the drag coeﬃcient in the case of a
nozzle with a throat diameter of 0.01 m along the
length of the diverging section of the nozzle for air and
helium as the carrier gases is shown in Fig. 4a. The
variation of the (uniform) particle temperature, TP ,
along the length of the diverging section of the nozzle
[used for calculation of the drag coeﬃcient in equations
(25) to (27)] is obtained by numerically integrating the
following heat conservation equation:
mP CP dTP ¼ AP hðT  TP Þ dt ¼ AP hðT  TP Þ

dx
VP
ð28Þ
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Fig. 5 Variations of (a) the gas velocity, (b) the particle velocity, (c) the optimum nozzle cross-section expansion ratio and (d) the pressure and the shock pressure along the diverging section of the nozzle under a
variable and a constant (CD ¼ 1) drag coeﬃcient

with TP ðx ¼ 0Þ ¼ 295 K and where the speciﬁc heat,
CP ð¼ 460 J/kg K), is set to the value common for austenitic stainless steels. The convective heat transfer coeﬃcient, h, on the other hand, is assigned a typical natural
convection value of 190 W/m2 K. It should be noted
that, depending of the ﬂow conditions inside the coldspray nozzle, the value of the convective heat transfer
coeﬃcient can be signiﬁcantly higher than the value
used. The eﬀect of the magnitude of the convective
heat transfer coeﬃcient is not, however, studied in the
present work.
The results displayed in Fig. 4a show that for both air
and helium, the drag coeﬃcient takes on values that
Proc. Instn Mech. Engrs Vol. 217 Part B: J. Engineering Manufacture

exceed one. Consequently, the drag force and, hence,
the particle exit velocities are expected to be larger than
the ones obtained under the CD ¼ 1 condition. An
abrupt change in the drag coeﬃcient seen in Fig. 4a is
associated with the sudden change in relative Mach
number, which initially increases from its value of one
at the nozzle throat and, after it reaches the optimal
value, starts to decrease as the optimal value of the
relative Mach number decreases with the increasing
particle Mach number (Figs 2c and d).
The results displayed in Fig. 4b show that the particle
temperature changes by less than 0.2 K relative to the
initial particle temperature (295 K) for both air and
B19002
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helium as the carrier gases. Initially, as seen in the inset of
Fig. 4b, the carrier gas has a higher temperature than the
particles and, consequently, the particle temperature
rises. However, as the carrier gas rapidly expands
downstream in the diverging section of the nozzle, its
temperature decreases below the particle temperature,
causing the particle temperature to begin to Ðdecrease.
In any case, the average particle resident time 0l dx=VP
(l ¼ 0:1 m is the length of the nozzle) is quite short
(0.2 ms for air and 0.1 ms for helium) so the overall
change in the particle temperature is quite small. It
should be noted that the magnitude of the particle
temperature change is greatly aﬀected by the choice of
the convective heat transfer coeﬃcient, h.
The variations of the gas velocity, the particle velocity,
the optimal nozzle cross-section expansion ratio and the
pressure/shock pressure along the diverging section of
the nozzle are shown in Figs 5a to d respectively. For
comparison, the variations in the same quantities under
the CD ¼ 1 condition are displayed in Figs 5a to c and
denoted using dashed lines and a ‘CD ¼ 1’ label.
The results displayed in Figs 5a to c show that the
variability of the drag coeﬃcient has a relatively small
eﬀect on the variation of the gas velocity, the particle
velocity and the optimal shape of the diverging section
of the cold-spray nozzle. This ﬁnding is consistent with
the results displayed in Fig. 4a which show that, while
the drag coeﬃcient varies along the length of the diverging section of the nozzle, its value never departs more
than 10 per cent from CD ¼ 1:0. As predicted, since CD
takes on values larger than 1, the particle velocities are
larger than the ones obtained under the CD ¼ 1:0 condition. However, this eﬀect is relatively small. The results
displayed in Fig. 5d show that the inclusion of the dependence of the drag coeﬃcient on the ﬂow conditions does
not cause normal shock to occur inside the nozzle and
that the air ﬂow is again overexpanded.

5

CONCLUSIONS

Based on the results obtained in the present work, the
following main conclusions can be drawn:
1. Due to its monoatomic character and a lower
molecular weight, helium is a more eﬃcient carrier
gas, giving rise to roughly twice the average particle
exit velocity as that obtained in the case of air as
the carrier gas under the otherwise identical coldspray processing conditions.
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2. For the given cold-spray processing conditions and a
ﬁxed particle size, the average exit particle velocity
can be signiﬁcantly increased by ensuring (via the
use of a properly designed nozzle) that the gas/
particle relative Mach number takes on a particlevelocity-dependent, carrier-gas-invariant optimal
value.
3. For both air and helium as the carrier gases, the gas/
particle drag coeﬃcient CD under the typical coldspray processing conditions does not depart signiﬁcantly from unity. Consequently, the frequently
used CD ¼ 1 simpliﬁcation appears justiﬁed.
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