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ABSTRACT ARTICLE HISTORY
This paper introduces a multigrid FAS Waveform Relaxation method (FAS- Received 1 February 2024
MGWR) for solving a heat transfer model in a thin and homogeneous sili- ~ Revised 22 March 2024

con bar with constant density and heat capacity. This method exhibits ver- ~ Accepted 28 April 2024
satility, making it applicable to a range of problems including electronic
device engineering, numerical simulation of nanofluids, among others. The C o

oA a " . . . onvective; convergence
Finite Difference Method with central differences (CDS) for spatial discret- factor: Dirichlet: full
ization and the Crank-Nicolson method for temporal approximation were approximation scheme;
utilized. Comparison with literature results and code verification demon- speed-up

strated that irrespective of the combinations of physical and numerical

parameters, the apparent order of discretization error converges to the
theoretical asymptotic order. The study underscores the superior perform-
ance of the proposed FAS-MGWR method, notable for its parallel architec-
ture, particularly in terms of computational time, compared to existing

literature. Notably, the FAS-MGWR method was found to have excellent

convergence factor and speed-up in relation to its singlegrid version,

underscoring its efficiency and practical advantage in addressing complex
thermal problems.

KEYWORDS

1. Introduction

Nonlinear heat equations play a central role in several areas of research, encompassing applica-
tions ranging from the thermal processing of materials and semiconductors to the study of heat
transfer in porous media, laser thermotherapy and the analysis of heat transfer in a variety of
contexts [1-7]. Within these areas, heat transfer by conduction performs is fundamental role,
with applications including the modeling of temperature-dependent thermal conductivity, studies
involving nanofluids and their application in the processing of semiconductor chips, as well as
the analysis of heat transfer in human tissues and topological optimization, among others [8-10].

The solution of nonlinear heat equations has been approached through the development of
several numerical techniques. For example, Filipov et al. [5] explored the dependence of thermal
conductivity in semiconductors, using the Finite Difference Method and Newton’s method for
nonlinear systems; Zhuang et al. [8] used Newton’s method to treat nonlinear heat conduction
problems, involving topological optimization and complex constraints. Schaum et al. [7] observed
the surface temperature of silicon wafers in production processes employing nonlinear heat equa-
tions in one dimension and cylindrical coordinates.
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Nomenclature
a,b Spatial ends of the silicon rod v Tank volume
c Mean heat transfer coefficient X Spatial direction
o Thermal capacity under constant pressure
h Spacing between discretized points Greek symbols
it Number of iterations (in the singlegrid o »
case) or cycles (in the multigrid case) p Cons.tant.m D1r1chlet bhoundary condition
n Time step n ¢, Solution in fine grid Q"
N Total number of unknowns b2 Solution in coarse grid Q" N
N; Number of time steps in discretization s Solution in Super-coarse grid Q%
N, Number of points in spatial discretization 7 Method coefﬁc1e1?t‘ -
P Complexity order K "Fhermal cor'lduct1v1ty of silicon
pL Asymptotic order discretization error Ko Silicon density )
pu Apparent order discretization error i Number of pre-smoothing
q Refinement ratio v, Number of post-smoothing
Q Volume flow rate 1Y Density of the silicon rod
o Initial residue Pon Average convergence factor
Tit Infinity norm of dimensionless residue at ~ * Time interval between time steps
it-th iteration or cycle ( Temperature distribution constant
S Speed-up € Stopping criterion
t Time coordinate
tcpu Computational time Acronyms
r Te'n'lperature n the.tank FAS Full Approximation Scheme
To Il’.lltl’c.ll temperature lTl the tank GSWR Gauss-Seidel Waveform Relaxation
T, Liquid temperatgre in the tank MG Multigrid method
u Temperature variable SG Singlewrid method
glegrid metho
Ue Temperature at the central node WR Waveform Relaxation
U Average temperature

Among the numerical techniques widely used to solve systems of equations (among them, lin-
ear and nonlinear ones), the multigrid method stands out [11, 12]. This method is very useful in
solving systems resulting from the discretization of differential equations that describe a variety
of physical phenomena [13-16]. The multigrid method utilizes a hierarchy of grids and applies
smoothing at these different levels to accelerate convergence. Studies have shown that this
approach often results in faster convergence compared to conventional iterative methods that do
not benefit from multigrid [17].

In the context of applying the multigrid method to nonlinear problems, [18] discusses two
fundamental approaches. The first involves the use of a linearization scheme followed by the mul-
tigrid method to solve the linear system generated at each iteration. In this case, it is possible use,
for example, Newton’s method (referred to as Newton-MG). The second approach, described in
Henson [18] and Brandt [19], discusses the Full Approximation Scheme (FAS), applying multi-
grid concepts directly in nonlinear contexts.

A comparison between the FAS and the Newton-MG approaches was carried out by Brabazon
et al. [20]. In that work, the results are provided for elliptical and parabolic problems discretized
with the Finite Element Method, demonstrating a shorter execution time, as well as greater stabil-
ity of the Newton-MG iteration. Furthermore, the same authors demonstrate that the FAS iter-
ation may be more advantageous than a Newton iteration in certain situations due to lower
memory requirements. This characteristic makes the FAS iteration preferable in scenarios with
large-scale problems, where memory available can be a limiting factor. Apart from its memory
efficiency, the FAS method is distinguished by its flexibility in selecting algorithm components.

Luo et al. [21] conducted a comparison between the FAS and Newton-MG approaches in solv-
ing the system of poroelasticity equations for an incompressible fluid, considering hydraulic
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conductivity dependent on stress and fluid pressure (characterizing a nonlinear problem). The
numerical results demonstrated a good convergence performance for all strategies and also indi-
cated that the FAS with Gauss-Seidel smoother with lexicographic ordering exhibited highly satis-
factory convergence.

In addition to the above, we can think of different time sweeps, such as the Waveform
Relaxation (WR) method [22]. This method has attracted considerable attention as an efficient
iterative approach to solving large linear systems that arise from the discretization of transient
differential equations. Its origins are traced back to researchers such as [22-24], who demon-
strated the basic WR process and that it can be accelerated using multigrid concepts. Gaspar and
Rodrigo [3] developed an efficient approach to the heat problem using the time-fractional WR
method, obtaining robust and efficient results, while Franco et al. [4] proposed the MGWR
method as a space-time solver for poroelasticity equations. Malacarne et al. [25] employed an
approach combining WR with division into temporal subdomains to solve the 1D and 2D wave
equations, achieving accurate results and notable improvements in convergence factors, acceler-
ation, and reduction of initial oscillations. This approach resulted in a significant reduction in
data processing time.

Several realistic nonlinear problems solved with different numerical techniques can be seen
below. The problem of convective transport of pulsatile multilayer hybrid nanofluid flow and bio-
convected tangent hyperbolic nanofluid flow, are studied in Jakeera et al. [26] and Ramasekhar
et al. [27].

The study of entropy production as a means of quantifying energy dissipation in biological
systems has garnered growing interest among biomedical engineers and clinicians. An analysis of
the heat transfer behavior of the magnetohydrodynamic blood based Casson hybrid nanofluid in
the occurrence of a non-Fourier heat flux model can be found in Shanmugapriyan and
Jakeer [28].

Studies by Jakeer et al. [29] and Jakeer et al. [30] delve into a numerical simulation of bio-
magnetic nanofluid flow in the human circulatory system and a study of the influence of induced
magnetic fields and double-diffusive convection on Carreau nanofluid flow through diverse
geometries.

In this paper, we present the nonlinear heat transfer equation, which includes relaxing
boundary conditions, in a setting involving a silicon rod. Recently, Filipov et al. [9] addressed
relaxing boundary conditions together with convective and Dirichlet conditions using the Finite
Difference Method (MDF), Euler’s Method, and Newton’s method for solving linear systems
directly. Such boundary conditions were first introduced in diffusion processes and later applied
to other heat transfer problems. In general terms, a relaxing boundary condition is a transient
boundary condition that continually approaches the steady state. Such a condition can be of the
Dirichlet, Neumann or Robin type [31].

Moreover, we propose to solve the nonlinear silicon rod problem with relaxing boundary con-
ditions, as addressed by [9], in improve the convergence of the solution. To achieve this goal, we
emphasize the use of the multigrid method, particularly focusing on the Full Approximation
Scheme (FAS) approach, which has proven effective in addressing the nonlinearity of the prob-
lem. Additionally, we introduce the concept of Waveform Relaxation (WR), a method that favors
parallel architecture and integrates seamlessly with the multigrid method and FAS, referred to
here as FAS-MGWR.

The structure of this paper is organization as follows: In Section 2, we discuss the mathemat-
ical model and discretization of the nonlinear problem, along with its boundary conditions, using
Finite Difference Methods and the Crank-Nicolson scheme. In Section 3, we present the
Waveform Relaxation method associated with multigrid, with a focus on the FAS technique.
In Section 4 includes code verification and showcases the main results of this work. Finally,
Section 5 highlights the main conclusions.
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2. Nonlinear heat equation and its discretization

tank

_insulator

siliconrod / u(x,t)

Figure 1. Physical system.

In this section, we present a mathematical model of a physical problem involving heat convection
in a silicon rod. This problem entails a nonlinear aspect due to the variation of thermal conduct-
ivity with temperature, and it is accompanied by relaxing boundary conditions.

Let us consider a silicon rod positioned along the x axis, with x € [a,b], as illustrated in
Figure 1. The temperature of the rod over time represented by u(x, t).

At the point x = a in this Figure 1, the rod is in thermal contact with a tank filled with liquid.
Heat can flow freely through the contact surface in both directions. In addition to thermal con-
tact with the silicon, the tank is thermally insulated. The temperature within the tank, denoted by
T(t), is homogeneous, expect for a thin layer near the contact surface with the silicon. Two pipes
are connected to the tank: one pumps liquid at temperature T, into the tank at a constant flow
rate, and the other allows the liquid at temperature T(¢) to leave the tank at the same flow rate.
We assume that the liquid in the tank is stirred throughout the process, ensuring that the incom-
ing liquid quickly mixed with the liquid inside the tank. Furthermore, we assume that the density
and thermal capacity of the liquid do not vary with temperature [9], as depicted in Figure 1.

Therefore, the transient nonlinear partial differential equation that describes the convection of
heat in this silicon rod, is given by [9]

ou 0 Ou
P Cpatax<x(u)ax>)x€(a)b)’t>0’ (1)

where u(x, t) represents the temperature at a position x and at an instant of time ¢, while p refers
to the density of the silicon rod, and ¢, represents the thermal capacity under constant pressure.
The thermal conductivity of silicon is depicted by x(u) = roe?”, where x, and y denote, respect-
ively, the physical parameters silicon density and temperature distribution constant [9, 31, 32].
This representation allows for the initial temperature distribution on the silicon rod at the
moment t = 0 to be expressed as

u(x,0) = up(x),x € [a,b]. (2)

We will consider that the temperature in the tank, in t = 0 is given by T,. If the inlet liquid
temperature T, is different from T, the temperature in the tank T'(¢) will change over time. This
transfer of energy through the tubes is convective, meaning that liquid with a certain energy
density replaces liquid with a different energy density. Therefore, the total energy in the tank is
changing. Under this condition, the temperature at the boundary gradually increases or decreases
with time, approaching a finite value. Thus, using the initial condition T,, we obtain

T(t) = T, + (T, — T,)e™, 3)

where Q and v represent, respectively, the flow rate of the inlet liquid volume and tank volume.
It is worth noting that, under this condition, the temperature at this boundary gradually increases
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with time, approaching a finite value. This approximation is given by a function that relaxes
exponentially.

At the boundary condition at x = a, referred to as the convective boundary condition, the
energy flow expressed through the thermal conductivity and temperature gradient in silicon is
equated to the same energy flow given by the transport properties and the state of the liquid sys-
tem. In other words,

Ou(x.t)

—k(u(a,t)) Ep

=c(T(t) —u(a,1)),t > 0, (4)
X=a
where ¢ denotes the average convective heat transfer coefficient. The condition given by Equation
(4) is valid for solid-liquid contact surfaces, where the heat transport mechanism is mainly due to
convection in the liquid system. For this type of boundary condition, the temperature on the sur-
face u(a,t) is considered essentially different from the temperature T(t) inside the tank. As can
be seen from Equation (3), as time increases, the function T(t) approaches the constant value T,.
Therefore, the condition given by Equation (4) will be referred to as the convective relaxing
boundary condition [9].

For the right boundary, x = b, we will consider the Dirichlet boundary condition

u(b,t) = p,t >0, (5)

where f§ is a constant.
When modeling important problems like this, which are analytically difficult or even
impossible to solve, we resort to numerical methods for this task.

Using the chain rule on a'é—(u“), we obtain roye”™ = yic(u). Thus, we can rewrite Equation (1) as

Ou ou\’ u
== = =, 6
e yic(u) (8x> + K (u) 2 (6)
We introduce a uniform spatial grid in
x€labl:xi=a=(-1)h, (7)
withi=1,2,3, ---,N,and h = Al;__“l where N, is the number of points in the discretization.
For temporal approximation, we have
tr — 1
=n1,1=2—2 n=123,..N, 8)
N, -1

where fy and f represent the initial time and final time, respectively, and N is the total number
of in time.

Using the Crank-Nicolson Method (CN) for temporal approximation and the Finite Difference
Method (MDF) with second-order central approximations (CDS) for spatial discretization, we

have
2
ut - uy 1 n+1 (u?jll - ”?jll) n+1 <”?++11 —2uj™! — “?jll>
C Lt | == |yx(u] —/— | + k(u]
Py < T 2 b ( i ) 2h ( i ) h2

no g \ 2 no oy yn
+ ¢ (uf) (%) + re(ufl) (u’“h—i’u’_l> . )
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Regrouping the terms, we can rewrite them as

pcp,  K(ultt y 21
(220 SO0 ot = ) (gt = ) sl ()

T h? 8h? 212
X n n n \2 1 n n n n PCp 4
+ @K(”i ) (”‘+1 - “i—l) + ﬁ"(”i ) (“i—l = 2u; + ”i+1) + T“i .
(10)
Considering
1 b4 Py
aw:ﬁ,am:@,%a:T, (11)

in Equation (10), we have the following for inner points
2
[pa - 2t () [t = anre () (s = )+ () (wt! )

+ ayy K (u]) (uf,, = ”?—1)2 + ay e (ull) (uiy = 2uf 4+ uf' ) + apau.
(12)

For the left boundary, in x = g, i.e. i = 1, and using CDS in Equation (4), we have the follow-
ing expressions for the time steps #n + 1 and ».

2he(T(t) — ufth)
n+l __ . ntl 1 , 13
U U K(u;lq7+1) (13)
and

2he(T(t — 1) — uf)

K(ur)

n__.n
Uy = u; +

(14)

Thus, at i = 1 in Equation (12), we have
o 200 ™) 71 = (™) (7 = )2 + () (1 4+ )

+ ayare () (= ul)® + agre () (uf — 20 + ul) + apartf.  (15)

3. FAS-MGWR solver

Partial Differential Equations (PDEs) play an essential role in modeling physical phenomena, pro-
viding a powerful mathematical framework to describe the behavior of physical systems over time
and space. However, due to the complexity of many real-world systems, obtaining analytical solu-
tions for such PDEs is often impractical or even impossible. As a result, the numerical approach
becomes a valuable and necessary tool for understanding these phenomena.

In this context, the discretization of PDEs is common in numerical modeling, leading to the
emergence of large systems of equations that need to be solved to obtain an approximate solu-
tion. However, solving these systems using direct methods is often inadvisable due to the high
computational cost associated with inverting the coefficient matrix [33]. To efficiently solve these
discretized systems, iterative methods are often employed, such as the weighted Jacobi method
and the Gauss-Seidel (GS) method [33, 34]. However, these iterative methods encounter efficiency
challenges when dealing with highly refined grids. As the number of iterations increases, the
method tends to lose their ability to reduce the entire spectrum of errors rapidly. They may
quickly reduce high-frequency errors (oscillatory modes) but struggle to address low-frequency
errors (smooth modes).
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The multigrid method, extensively studied by [12], stands out as a highly effective strategy in
the iterative solution of systems of equations derived from the discretization of differential equa-
tions in modeling physical phenomena. References [11, 12, 35, 36] attest to its notable superiority
in terms of convergence speed when compared to conventional iterative methods that do not
incorporate this approach, referred to here as singlegrid method.

The multigrid method is based on essential principles that include the use of a hierarchy of
grids and smoothing techniques at each grid level, thereby addressing error across all frequencies.
This is achieved by transferring information between grids using restriction operators (which
transfer information from the finer to the immediately coarser grid) and prolongation operators
(which transfer information from the coarser to the immediately finer grid). The number of
smoothings performed in the restriction and prolongation process is called, respectively, pre-
smoothing (v;) and post-smoothing (v,). The way the method goes through the grids is referred
to as a cycle; for this work, we use the V-cycle V(vy,v,) [36].

Two main approaches are adopted with the multigrid method to tackle this type of problem.
The correction scheme (CS), which focuses on correction through the residue, is indicated for lin-
ear problems. On the other hand, the Full Approximation Scheme (FAS), which focuses on cor-
rection through the residual and system solution, is more appropriate for addressing nonlinear
problems. This scheme applies the concepts of the multigrid method directly to the nonlinear
problem, transferring information related to both the residue and the solutions to the coarser
grids involved. This eliminates the need to perform global linearizations and demonstrating its
ability to smooth out irregularities in the error. [3]

In the discretization of nonlinear transient equations, the Waveform Relaxation (WR) method
[3, 4, 22] stands out for its effectiveness in the temporal approach to differential equations. The
WR algorithm differs from traditional time sweep approaches, such as the Time-Stepping (TS)
method [37, 38], by transforming a Partial Differential Equation (PDE) into a system of Ordinary
Differential Equations (ODEs). This transformation results in functions over time, where at each
spatial point, an ODE is resolved in all time steps [4]. This iterative approach has demonstrated
success in solving complex systems, favoring parallel programming architecture.

Algorithm 1 describes in detail the implementation of the FAS-MGWR method for the
V(v1,v2) cycle. In this case, the algorithm utilizes the Gauss-Seidel smoother with red-black
ordering, together with the Waveform Relaxation (WR) method (GSWR). For the stopping criter-
ion, we adopted the infinity norm of the dimensionless residue at the it-th iteration relative to
the initial estimate, denoted by ; and ry, respectively, given by

el
170]l oo

(16)

Algorithm 1: FAS-MGWR(/)

1 Input data, initial, and boundary conditions.
2 while Stopping criterion is not reached do
if | = Ly then

4 Solve the system A;(1!) = f' on the coarse grid o2

5 Compute the correction on the coarse grid w! = v/ — ',
6 else
7

8

9

w

Smooth v, times A;(+/) = f' on the grid o usmg GSWR.
Compute and restrict the defect rl“ = Iz,h1 ) [fl e ]

Restrict the solution: ! = I;Ihl LY
10 Compute the right-hand side f*! = 7+! + A), 9/
11 Solve at the next level: FAS-MGWR(I + 1).

12 Interpolate the correction: w! = I;,I;hwl“
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!

13 Correct the solution: v/ « v + w/.

14 Smooth v, times A;(+/) = f' on the grid o' using GSWR.
15 Compute the correction: w! = v/ — vl

16 end if

17 end while

4. Results and discussions

In this section, we address transient nonlinear heat transfer in a thin silicon rod in thermal con-
tact with a liquid medium undergoing convection-base heating or cooling. Additionally, we pre-
sent the results of the numerical implementation of this scenario. To evaluate the implemented
code, we perform a code verification by comparing the results obtained with those presented in
[9]. Specifically, we consider a setting involving a thin and homogeneous rod along the axis x,
with x € [1, 3], excluding sources of heat or radiation.

The source code was developed using the Fortran language and compiled with Microsoft’s
Visual Studio 2022 development environment. It was executed on a system equipped with a
Intel® Core™ i7 — 10510U processor, featuring a central processing unit (CPU) operating at 1.80
GHz and 16 GB of RAM.

In the case of the singlegrid (single-mesh method), we use the Gauss-Seidel solver solver with
red-black ordering to numerically solve the generated systems. In all simulations involving the
multigrid, the V(1) cycle was used.

4.1. Code verification

Firstly, a comparison was made a comparison between the numerical solutions obtained by [9]
and the numerical solutions implemented with our singlegrid and multigrid methods.

The problem parameters were defined based on the characteristics of the experiment [9], and
their specifications are as follows: density (p) and heat capacity (c,) are unitary constants. The
values of the other constants used were ¢ = 0.1,x9 = 0.1, and y = 0.5. On the left boundary, in
x =1, we have a convective relaxing boundary condition, given by Equation (4) and to the right,
in x = 3, we have a Dirichlet condition, with § =1, i.e. u(3,t) = 1. The initial condition and the
estimate of the inner points of the domain for t > 0, are unitary.

Figure 2 depicts the comparison between the solutions obtained using our code implemented
with singlegrid (SG) and multigrid (MG) methods, alongside the solutions presented in the article
by [9]. The comparison was made using a tolerance of ¢ = 107'? in Equation (16). From this
comparison, we observe a close agreement between our numerical results and the reference solu-
tion of [9]. This confirms the accuracy of the code implementation.

In this work, we will calculate the discretization error orders of numerical approximations,
namely the apparent order py and asymptotic order p;. The py is an important metric to evalu-
ate the order of convergence of numerical methods. It allows checking a posteriori whether the
order of numerical solutions tends to the asymptotic order of discretization errors as the spacing
h is reduced. In the context of our study, where we do not have an analytical solution to analyze
the behavior of the discretization error, we use the apparent order, which contributes to the
robustness of the technique. For this, nodal solutions are required on three different grids.

Considering ¢,, ¢, and ¢, the solutions in fine (Q"), coarse (Q") and super-coarse grids

(Qh3 ), related, respectively to the spacing h;,h, and h;, and q = Z—z = Z—f the refinement ratio, we
have [39]
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Figure 2. Comparison between Filipov/FASWR solutions.
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It is important to highlight that in our numerical simulations, we applied the Central
Difference Scheme (CDS) method for spatial discretization and the Crank-Nicolson (CN) method
for temporal discretization, both with an asymptotic order p; = 2. Therefore, the asymptotic
order of this numerical scheme must be p; = 2.

In this work, the stopping criterion was adopted based on the drop in the dimensionless
residual by the initial estimate. In this specific test, quadruple precision was used. Furthermore,
the number of iterations performed was determined so that Equation (16) achieves the rounding
error. This procedure was adopted to isolate the effects of discretization error, thus minimizing
other sources of error.

In Figure 3, we consider the variables of interest to be the average temperature (u,) and the
temperature at the central point of the domain (i), both in the last time step and for some val-
ues of ko and y. Note that regardless of the specific combinations of x, and y, the apparent order
(pu) converges to 2 as the grid is refined. This pattern is consistent with our previous analysis, in
which we used second-order methods for both the spatial and temporal discretizations of the
problem.

It can be noted that in cases where xy = 10.0, there is a greater oscillation of the apparent
order py around the asymptotic order p; for coarser grids, but it approaches the asymptotic order
with grid refinement.

4.2. Numerical results

In this section, we will present the numerical results, for settings with combinations of xy = 0.1
and 10.0, with y = 0.5 and 2.0 and using ¢ = 107!2 as a stopping criterion in Equation (16). We
will also use the parameters presented in the previous section.
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Figure 3. Apparent order.

4.2.1. Average convergence factor

In this results section, we will first analyze the average convergence factor (p,,) of the singlegrid
and multigrid methods. To do this, we calculate the asymptotic convergence factor (p) through
the following expression [12]

o _ lresulc

p(it) = , (18)
lIresie—1 | o
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Figure 3. Continued.

where the value of it represents the number of iterations (in the singlegrid case) or cycles (in the
multigrid case) performed.
Secondly, we analyze the average convergence factor given by [12]

P = /p(1):p(2). - pit). (19)

Figure 4 displays the average convergence factor (p,,) versus total number of unknowns N =
(Ny —1) x (N; — 1) (spatial and temporal unknowns).
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As the grid is refined, we observe that p,, tends to value close to zero, regardless of the phys-
ical parameters adopted. As we know, p,, close to zero indicates more efficient methods, while
P close to unity indicates the opposite [11]. Therefore, Figure 4 indicates robustness and effi-
ciency of the multigrid method.

4.3. CPU time, complexity, and speed-up

Now we will evaluate the performance of the singlegrid and multigrid methods using the concepts
of complexity and speed-up. Evaluating the performance of such methods often considers compu-
tational time as a fundamental metric.

Figure 5 provides, on a two-logarithmic scale, a representation of computational time (fcpy) in
relation to N, for the singlegrid method (tcpy(SG)), multigrid (tcpy(MG)), and the parameters
adopted x and y.

Notably, the multigrid method demonstrates a significant advantage compared to the single-
grid method in the tcpy simulation run. For example, in the case with x; = 0.1 and y = 0.5 (also
present in [9]), for N, = N; = 2049 nodes, making up N = 4194304 unknowns, the multigrid
method took approximately 4.4s to reach the stopping criterion, while the singlegrid method
required around 8200s.

To evaluate the order of complexity of the algorithms, which is a measure that indicates the
amount of computational resources needed to solve the problem, we analyze the slope of the
computational time lines (fcpy) in relation to the number of unknowns, as already illustrated in
Figure 5. Notably, the multigrid method demonstrates a significant advantage compared to the
singlegrid method in the slope of its straight lines.

To evaluating such complexity, denoted as p, we applied a nonlinear adjustment [34, 40, 41],
given by

tepu(N) = NP, (20)

where ) represents the method coefficient, p corresponds to the order of complexity and N is the
total number of unknowns in the problem.
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Table 1. Order of complexity.
singlegrid multigrid
Ko X b 4 Y P
0.1 0.5 1.897E-9 2.0408 7.071E-7 1.0297
0.1 2.0 1.372E -8 2.0256 1.358£ -6 0.9798
10.0 0.5 8.861FE — 8 2.0619 2.752E -6 0.9729
10.0 2.0 1.272E -7 2.0046 1.820E — 6 0.9632

According to reference studies [11, 12, 35], the multigrid method is considered ideal when the
order of complexity p approaches unity and y tends to zero.

Table 1 presents the values of y and p for the SG and MG methods for the physical parameters
presented. As can be seen, these results agree with the literature.

Finally, we evaluate the Speed-up (S), a metric was adopted to measure the increase in speed
of the multigrid algorithm in relation to the singlegrid, given by

teru(SG
o for(s6)

= 4fch(MG) . (21)

Note that in Figure 5, for example, for ko = 0.1 and y = 0.5 (values used in [9]), with N =
2048 x 2048, we have tcpy(SG) ~ 8200s, tcpy(MG) ~ 4.4s and S = 1860. This means that the
multigrid method is approximately 1860 times faster than singlegrid method, which is evident in
Figure 6, where we have S versus N for some parameter values xo = 0.1 and y = 0.5. We can
notice the significant advantage of the multigrid method for even larger values of N, for example,
S /200000 for ko = 0.1 and y = 0.5 in Figure 6.

Furthermore, the increasing behavior of the curves is notable, indicating an increase in S with
the increase of N, which is a highly desirable property.

Remark: As demonstrated in this section, numerical experiments were conducted to analyze
the nonlinear heat equation with convective relaxation boundary condition. These experiments
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investigated various physical parameters, including silicon density (i), temperature distribution
constant (y), specific thermal capacity (c,), material density (p), among others. The obtained
results have broad applications, particularly in electronic device engineering, facilitating enhanced
comprehension and control of nonlinear heat transfer phenomena. The methods developed in
this study provide effective solutions to such challenges.

5. Conclusion

In this study, we introduced the Full Approximation Scheme multigrid method with temporal
sweeping Waveform Relaxation (FAS-MGWR) for tackling nonlinear problems. Specifically, we
addressed a one-dimensional nonlinear heat equation, modeling heat conduction in a silicon rod
with relaxing boundary conditions. Our numerical approach involved employing the Crank-
Nicolson method for temporal approximation and the Finite Difference Method (FDM) with a
Central Difference Scheme (CDS) for spatial discretization. Through code verification and com-
parison with existing literature, we validated our methodology. The results, including the average
convergence factor p,,, order of complexity p and Speed-up (S) underscored the efficiency and
reliability of the FAS-MGWR method across various scenarios. These findings not only contribute
to the advancement of numerical methods for tackling intricate thermal problems but also hold
practical significance across industries, notably in the semiconductor sector.
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