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ABSTRACT 
This study analyzes the efficiency of Repeated Richardson Extrapolation 
(RRE) as an alternative for reducing and estimating discretization error (Eh) 
in the numerical resolution of the one- and two-dimensional two-phase 
flow problem in porous media. The numerical solution was obtained using 
the finite volume method (FVM) in space and the implicit Euler method for 
time discretization. For linearization, we employed the modified Picard 
method, and to solve the linear equations system, we used the Gauss- 
Seidel solver coupled with the multigrid method to accelerate the conver
gence of the iterative process. The variables of interest analyzed were the 
wetting and non-wetting pressures located at the central point of the 
domain. The results indicate that the employed methodology was suitable, 
with an increase in the accuracy level of numerical solutions from 10−3 to 
10−14; and additionally, accurate estimates for Eh were obtained.
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1. Introduction

Numerical verification in Computational Fluid Dynamics (CFD) is a well-established field where 
the focus lies on the level of accuracy and reliability of numerical solutions. In this sense, high- 
order methods play an important role. A comparison based on counting operations is proposed 
in Art_Huerta2013 [1] as an evaluation tool of the computational performance of high-order 
methods. The tests showed that, for implicit solvers, high-order methods are more efficient than 
linear ones and that the optimal order is linear only for the case of element-by-element opera
tions with cubic dependence on the degrees of freedom. In Art_Tonicello2024 [2], a high-order 
numerical approach based on the discontinuous Galerkin method was proposed for the simula
tion of two-phase flows. Numerical experiments involving viscous effects, gravitational forces, and 
surface tension are carried out to evaluate the developed methodology.

Other techniques are also used to increase the accuracy of the solutions. In this context, the 
Richardson extrapolation technique, originally proposed by Art_Richardson1927 [3], deserves spe
cial attention. Applying it recursively significantly optimizes its effectiveness, a technique referred 
to as Repeated Richardson Extrapolation (RRE) [4–6]. In this context, studies report the effective
ness of using the Richardson Extrapolation Method (RRE) in obtaining numerical solutions with 
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high accuracy. Art_Ertuk2005 [7] used two levels of Richardson Extrapolation (RE) in a two- 
dimensional cavity flow, achieving sixth-order accuracy. Art_Rahul2006 [8] investigated the preci
sion of one-sided numerical solutions using the Finite Difference Method, reaching fourth-order 
accuracy by applying RRE with three distinct meshes. In CFD, Art_Marchi_Germer2013 [9] eval
uated the use of RRE in reducing discretization errors in CFD for schemes from first to third 
order accuracy, managing to improve precision and achieving an order of precision greater than 
18, highlighting the second-order central difference scheme as the most effective. Subsequent 
studies continued to explore the efficiency of RRE. Art_Marchi_Novak2013 [10] demonstrated 
that the technique could significantly reduce discretization error in solutions of the 2D Laplace 
equation, achieving an accuracy order of approximately 19 with reduced processing time and 
memory usage. Similarly, Art_AbdelMigid2017 [11] applied RRE to solve the Navier-Stokes equa
tions for incompressible flows, raising the accuracy from second to sixth order.

However, it is important to note that few results are available in the literature for the class of 
problems associated with flow in porous media. An investigation into the application of RRE in 
the domain of poroelasticity was conducted by Art_Rodrigues2022 [12]. They demonstrated the 
efficiency of a methodology involving polynomial interpolation and optimization to improve 
accuracy in poroelasticity problems, revealing that the direct application of RRE to extreme varia
bles is not effective, but that methodological adjustments can significantly increase the precision 
of numerical solutions. Their findings demonstrated a decrease in discretization errors and a not
able enhancement in numerical solution accuracy.

Remark 1. The RRE increases the order of accuracy with each level of extrapolation and is a 
post-processing technique, therefore incurring no additional cost to generate the necessary solu
tions. Some high-order methods can increase the complexity of numerical schemes [1,2]. For 
example, in Art_Silva2021 [13] two high-order schemes (Compact-4 and Exponential-4) were 
evaluated and combined with RRE to achieve high order. Both studied schemes generated matri
ces with 9 diagonals in 2D problems, while the classical CDS-2 generated matrices with 5 
diagonals.

Nomenclature 

Alphabetic Letters 
Eh Discretization error 
Em Discretization error with repeated 

Richardson extrapolation 
Fa Source term of phase a 

g Grid level 
G Number of grids used 
g Gravitational acceleration vector 
h Space between the grid control volumes 
K Absolute permeability 
kra Relative permeability of phase a 

L Spatial domain lenght 
m Extrapolation level 
Nt Number of time steps 
Nx Number of spatial discretization volumes 

in the x direction 
Ny Number of spatial discretization volumes 

in the y direction 
p Fluid pressure 
pc Capillary pressure 
pE Effective order 
pL Asymptotic order 

pU Apparent order 
q Volumetric flow vector 
S Saturation 
Upm Richardson’s estimator with repeated 

Richardson extrapolation 
Upmc Corrected Upm 

Greek Letters 
a Fluid phase 
dp Pressure correction 
ka Fluid mobility of phase a 

l Fluid viscosity 
q Fluid density 
s Number of time steps 
HðUÞ Effectiveness of an error estimate 
U Porosity of the medium 
X Continuous domain 
Xh1 Coarse grid 
Xh2 Fine grid 
Xh3 Superfine grid 
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Numerical simulations of flow in porous media are prominent in engineering problems such 
as oil and natural gas extraction, hydrology, soil and rock mechanics, among others [14–16]. In 
Art_Karimi-Fard2004 [17], a discrete fracture model compatible with reservoir simulators was 
developed. The method is applicable for two- and three-dimensional systems. The technique has 
been shown to be capable of determining effective fault-zone properties in large-scale simulations. 
An implicit adaptive scheme was developed in Art_Wang_Golfier2022 [18] to simulate fluid flow 
in a fractured vuggy porous medium in a complex geometry, usind a preconditioner to improve 
convergence. This method has low computational cost and good convergence performance. A 
model of flow in porous media containing fractures or deformation bands of high or low perme
ability is presented in Art_Karimi-Fard2016 [19]. Their methodology includes fine- and coarse- 
grid discretization. As an application, the production of gas from naturally fractured formations 
with low permeability was considered getting highly accurate solutions. In another study Art_ 
Wang_Wang2022 [20] presented a method for seepage in 3D heterogeneous porous media. A 
mesh strategy was proposed to discretize the complex domain. Hydraulic properties is investi
gated to show the difference between fractures and inclusions.

For the study of multiphase problems, various mathematical models are employed, depending 
on factors like saturation, pressure, and relative permeability. A widely used technique for formulat
ing these models is the mixed pressure-saturation formulation [21] or even the pressure-pressure 
formulation [22]. Regardless of how these models are formulated, they lead to the generation of 
highly nonlinear coupled systems of partial differential equations (PDE).

In this work, we study a problem involving the flow of two incompressible and immiscible flu
ids using the mixed pressure-saturation formulation. However, after linearization, the system is 
rewritten with the pressures as the primary variables. We employ the finite volume method 
(FVM) to discretize the spatial aspects of the PDE system, employing the centered difference 
scheme (CDS) and the implicit Euler method for temporal discretizations. In handling the result
ing nonlinear system, we rely on the modified Picard linearization method as described by Art_ 
Celia1992 [23]. The coupled Gauss-Seidel method [24] is used to solve the generated linear sys
tem. To accelerate the convergence of this system, we employ the multigrid method [25–27], 
commonly used to solve large-scale systems or general problems [28–35]. In this work, the varia
bles of interest analyzed were the pressures in each of the wetting (w) and non-wetting (n) phases 
located at the central point of the domain. The results suggest that the employed methodology 
holds promise for enhancing the accuracy of numerical solutions in multiphase flow problems 
within porous media, particularly when considering the solutions obtained using RRE. Regarding 
estimates for discretization error, we found that the corrected Richardson estimator stood out for 
its accuracy and reliability.

The rest of the paper is organized as follows: in Section 2, we present the mathematical and 
numerical model; in Section 3, we outline the basic concepts of the multigrid method; in Sections 
4 and 5, we provide the foundation for error analysis; in Section 6, we present the variable type 
based on grid refinement and show the results; in Section 7, we present the conclusions.

2. Mathematical formulation

2.1. Mathematical model

The governing equations for one-dimensional two-phase flow in porous media are modeled by a 
system of PDE that can be written as [21]:

@ðqahaÞ

@t
þr � ðqaqaÞ ¼ Fa, em X� I: (1) 

NUMERICAL HEAT TRANSFER, PART B: FUNDAMENTALS 3



In this context, the domain X � Rþ; is defined, where x 2 X ¼ ½0, L�; I ¼ ½0, T� represents a 
given time interval with T being the final time. The variables a ¼ w, n denote the fluid phases 
(where w represents the wetting phase, and n represents the non-wetting phase). Additionally, qa 

represents the density, ha ¼ USa; where U is the porosity, and Sa is the saturation. Furthermore, 
qa is the volumetric flux vector, and Fa represents the source term, all related to phase a: The 
volumetric flux is determined by the generalized Darcy’s law for the multiphase case, expressed 
as:

qa ¼ −kaKðrpa − qagÞ, (2) 

where ka ¼
kra
la 

represents mobility, kra ¼ kraðSaÞ is the relative permeability, la is viscosity, K is 
the intrinsic permeability tensor [21], pa is the pressure, all related to phase a; and g is the gravi
tational acceleration vector. Substituting Eq. (2) into Eq. (1), assuming incompressibility and a 
gravitational acceleration vector equal to zero, we have the simplified equation:

@ðhaÞ

@t
−r � ðkaKrpaÞ ¼

Fa

qa

: (3) 

Rewriting the equation for the wetting and non-wetting phases, considering Ka ¼ kraK and 
recalling that ka ¼

kra
la
; we have

@hw

@t
−r �

Kw

lw
rpw

� �

¼
Fw

qw
, (4) 

@hn

@t
−r �

Kn

ln
rpn

� �

¼
Fn

qn
: (5) 

In addition to these differential equations, we have auxiliary relationships [21]: capillary pres
sure pc ¼ pn − pw and saturation Sw þ Sn ¼ 1; thus, hw þ hn ¼ U:

As boundary conditions, we have pað0, tÞ e paðL, tÞ; t > 0; which are prescribed values. To 
complete the mathematical formulation, an initial condition must be provided, so paðx, 0Þ ¼ p0

a;

where p0
a is a prescribed value of the pressure variable.

In this work, we used the analytical solution proposed by Thesis_Illiano2016 [36]. In that 
problem, Illiano considers the mixed pressure-saturation formulation ðp, SwÞ; where p ¼ pwþpn

2 ;

and proposes the analytical solution f ðx, tÞ ¼ pðx, tÞ ¼ Swðx, tÞ ¼ xtð1 − xÞ; defined in the domain 
X� I ¼ ½0, 1� � ½0, 1�; with initial and boundary conditions f ðx, 0Þ ¼ f ð0, tÞ ¼ f ð1, tÞ ¼ 0: To 
obtain an elliptic system (where it is known that the multigrid method works well), we made 
some modifications to the system generated by the mixed pressure-saturation formulation to 
rewrite it in terms of pn and pw variables.

Thus, some adjustments were necessary to use pw and pn instead of p: Given that capillary 
pressure is given by pc ¼ pw − pn; we obtain

pw ¼ p −
1
2

pc (6) 

and

pn ¼ p þ
1
2

pc, (7) 

where pcðSwÞ ¼ 1 − 1
2 S2

w: Since ha ¼ USa; it follows that hw ¼ U
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 − 2pc
p

and hn ¼ U − hw;

implying that Cw ¼
@hw
@pc
¼ − Uffiffiffiffiffiffiffiffiffi

2−2pc
p ; for pc 6¼ 1: With these expressions, we find the source terms

Fw ¼ −
1
2
qw 2/ðx − 1Þx þ Kwkwtð6tx2 − 6txþ t − 4Þ
� �

, (8) 
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Fn ¼
1
2
qn 2/ðx − 1Þxþ Knkntð6tx2 − 6txþ t − 4Þ
� �

: (9) 

2.2. Numerical model

We begin with the temporal discretization using the Implicit Euler method [37] and then employ 
the modified Picard linearization method [23]. We denote nþ 1 as the current time level, kþ 1 
as the current iteration of linearization, and s ¼ T

Nt 
as the size of the time steps, where Nt is the 

number of time steps.
Then, the temporal discretization and linearization of Eqs. (4) and (5), respectively, for the 

wetting and non-wetting phases, are given by:

hnþ1, kþ1
w − hn

w
s

−
@

@x
Knþ1, k

w
lw

@

@x
ðpnþ1, kþ1

w Þ

" #

¼
Fnþ1, k

w
qw

, (10) 

hnþ1, kþ1
n − hn

n
s

−
@

@x
Knþ1, k

n
ln

@

@x
ðpnþ1, kþ1

n Þ

" #

¼
Fnþ1, k

n
qn

, (11) 

and then,

Cnþ1, k
w

dpnþ1, kþ1
n − dpnþ1, kþ1

w
s

−
@

@x
Knþ1, k

w
lw

@

@x
ðdpnþ1, kþ1

w Þ

" #

¼
@

@x
Knþ1, k

w
lw

@

@x
ðpnþ1, k

w Þ

" #

þ
Fnþ1

w
qw

−
hnþ1, k

w − hn
w

s
,

(12) 

−Cnþ1, k
w

dpnþ1, kþ1
n − dpnþ1, kþ1

w
s

−
@

@x
Knþ1, k

n
ln

@

@x
ðdpnþ1, kþ1

n Þ

" #

¼
@

@x
Knþ1, k

n
ln

@

@x
ðpnþ1, k

n Þ

" #

þ
Fnþ1

n
qn

−
hnþ1, k

n − hn
n

s
,

(13) 

where Cw ¼
@hw
@pc
¼ − @hn

@pc
; Knþ1, k

a ¼ Kka and dpnþ1, kþ1
a ¼ pnþ1, kþ1

a − pnþ1, k
a :

Next, we discretize the spatial domain using the FVM. For this, we consider that our domain 
is a line segment with a length of L, and the uniform grid, fðxiÞ=xi ¼ i − 1

2
� �

h, i ¼ 1, :::, Nxg;

where h ¼ L
Nx 

is the distance between the points of the spatial discretization, and Nx is the num
ber of spatial volumes.

We will present the development of discretization involving only the equation for the wetting 
phase, w, and considering the internal volumes. The procedure for the non-wetting phase, n, is 
analogous.

By integrating Eq. (12) over each control volume (CV), we obtain

ð

CV
Cnþ1, k

w
dpnþ1, kþ1

n − dpnþ1, kþ1
w

s
−
@

@x
Knþ1, k

w
lw

@

@x
ðdpnþ1, kþ1

w Þ

" #( )

dV

¼

ð

CV

@

@x
Knþ1, k

w
lw

@

@x
ðpnþ1, k

w Þ

" #

þ
Fnþ1

w
qw

−
hnþ1, k

w − hn
w

s

( )

dV:

By applying Gauss’s Divergence Theorem [38], calculating the integrals, approximating values 
at faces for pressures and their corrections with their nodal values, reconfiguring the resultant 
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equation to isolate the variable dpw; and replicating this procedure for the non-wetting phase, we 
obtain the following linear system which must be solved for each linearization step

Aw B
B An

� �
dpw
dpn

� �

¼
fw
fn

� �

, (14) 

in which

Aa ¼

bc
ðaaÞi−1 ðaaÞi ðaaÞiþ1

ðaaÞi−1 ðaaÞi ðaaÞiþ1

. .
. . .

. . .
.

ðaaÞi−1 ðaaÞi ðaaÞiþ1
ðaaÞi−1 ðaaÞi ðaaÞiþ1

bc

0

B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
A

, 

B ¼

bc
ci

ci

. .
.

ci
ci

bc

0

B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
A

, 

where bc represents boundary conditions, and

ðaaÞi ¼ −ðCnþ1, k
w Þi þ

s

h2la

ðKnþ1, k
a Þiþ1

2
þ ðKnþ1, k

a Þi−1
2

h i
,

ðaaÞiþ1 ¼ −
s

h2la

ðKnþ1, k
a Þiþ1

2
,

ðaaÞi−1 ¼ −
s

h2la

ðKnþ1, k
a Þi−1

2
,

ðbÞi ¼ ðCnþ1, k
w Þi,

ðFaÞi ¼
s

h2la

ðKnþ1, k
a Þiþ1

2
ðpnþ1, k

a Þiþ1 −
s

h2la

ðKnþ1, k
a Þiþ1

2
þ ðKnþ1, k

a Þi−1
2

h i
ðpnþ1, k

a Þiþ

s

h2la

ðKnþ1, k
a Þi−1

2
ðpnþ1, k

a Þi−1 þ
s

qa

ðFaÞ
nþ1, k
i − ðhnþ1, k

a Þi þ ðh
n
aÞi, 

where ðKnþ1, k
a Þiþ1

2 
and ðKnþ1, k

a Þi−1
2 

represent the conductivity at the faces of each volume for each 
phase, calculated as the arithmetic average. For discretization at the boundaries, we use the ghost 
volumes technique [39]. For the Dirichlet boundary condition at i ¼ 1; we have

ðaaÞ1 ¼ −ðCnþ1, k
w Þ1 þ

s

h2la

ðKnþ1, k
a Þ3

2
þ 2ðKnþ1, k

a Þ1
2

h i
,

ðaaÞ2 ¼ −
s

h2la

ðKnþ1, k
a Þ3

2
,

ðaaÞ0 ¼ 0,

ðbÞ1 ¼ ðC
nþ1, k
w Þ1,

ðFaÞ1 ¼
s

h2la

ðKnþ1, k
a Þ3

2
ðpnþ1, k

a Þ2 −
s

h2la

2ðKnþ1, k
a Þ3

2
þ ðKnþ1, k

a Þ1
2

h i
ðpnþ1, k

a Þ1þ

2s

h2la

ðKnþ1, k
a Þ1

2
ðpaÞbc þ

s

qa

ðFaÞ
nþ1, k
1 − ðhnþ1, k

a Þ1 þ ðh
n
aÞ1, 
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where ðpaÞbc is the boundary condition for the pressure of phase a applied at i ¼ 1: The proced
ure is analogous to the other boundary.

3. Solver of large systems using multigrid method

The multigrid method is a numerical technique for iteratively solving systems of equations 
obtained by discretizing a differential equation. The method was originally proposed by Art_ 
Fedorenko1964 [40], showing that the convergence speed when using the multigrid technique is 
better than that of pure iterative methods (without the use of multigrid), which are referred to as 
singlegrid methods. The fundamental concept behind this method involves the use of a grid hier
archy, with a specified coarsening ratio. At each grid level, a two-step process is implemented: 
first, smoothing is performed to improve solutions, and then these solutions are approximated on 
a coarser grid. Classic iterative methods quickly reduce the oscillatory error modes of the finest 
grid in the initial iterations, but leaving the smooth modes, which makes the method lose its 
effectiveness [13,26]. With that, we transfer information (residue and/or solution) from the finer 
grid to the immediately coarser grid using restriction operators, where the smooth modes become 
more oscillatory and the method is known to be effective [26,27]. When reaching the coarsest 
possible or desired grid, the other transfers information (correction) from the coarser grid must 
be returned to the original finer grid of the problem, using prolongation operators. This acceler
ates the convergence of the method [26] because it becomes efficient for all error components 
(oscillatory and smooth).

Depending on the nature of the data exchange between grids, we can employ either the 
Correction Scheme (CS), where only the residue is transferred, or the Full Approximation 
Scheme (FAS), where the residue and the solution are transferred. BookBriggs2000 [25] suggest 
using CS for linear problems and FAS for nonlinear ones. The specific order in which the grids 
are gone through defines the type of multigrid cycle, such as V, W, or F, among others. We use 
the W-cycle because it is more robust [26].

We define the smoothing numbers in the restriction (�1) and prolongation (�2) process, 
respectively to be the pre- and post-smoothing numbers of the solver. Furthermore, we use stand
ard coarsening cr ¼ 2; i.e. the coarsening ratio with H ¼ 2h [26,27], where h and H are the dis
tances between the consecutive points of the fine and the coarse grid, respectively.

Figure 1 depicts a W-cycle for the case of l ¼ 5 grid coarsening levels. Algorithm 1 is 
based on the W-cycle for the CS-scheme considering l > 1 grid levels, where I2h

h and Ih
2h are, 

respectively, the restriction and prolongation operators. In this case, Lmax means the max
imum number of levels. In both Figure 1 and Algorithm 1, the standard coarsening is 
considered.

Figure 1. Representation of the multigrid W-cycle with 5 grids.
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Algorithm 1 MG-W-cycle ðlÞ
if l ¼ Lmax (coarsest grid level) then

Solve AlvðlÞ ¼ f ðlÞ in coarse grid X2l−1h:

else
Smooth �1 times AlvðlÞ ¼ f ðlÞ on grid X2l−1h:

Calculate and restrict the residual: f ðlþ1Þ ¼ I2lh
2l−1hðf

ðlÞ − AlvðlÞÞ:
for cycle ¼ 1 : 2 do

Solve in the next level: MG-W-cycleðlþ 1Þ:
end for
Correct using prolongation: vðlÞ  vðlÞ þ I2l−1h

2lh vðlþ1Þ:

Smooth �2 times AlvðlÞ ¼ f ðlÞ on grid X2l−1h:

end if

In this work, the process of transferring information from the fine grid to the coarser grid 
(restriction) will be done using the full-weighting operator and the of transferring information 
from the coarse grid to the finer grid (prolongation) will be done using linear (one-dimensional 
case) or bilinear (two-dimensional case) interpolation operator, defined by [26,27].

4. A discretization scheme with RRE

4.1. Discretization error

The difference between the exact analytical solution (/) and the numerical solution (/) of a vari
able of interest is called numerical error (E) [41]. E can result from various sources, described in 
Art_Marchi2002 [42] as truncation errors (ET), iteration errors (EI), and rounding errors (Ep). 
When EI and Ep are minimized or even nonexistent, ET is referred to as discretization error 
(Eh) [41].

Eh can be represented based on the Taylor series by

Eh ¼ Eð/Þ ¼ c0hp0 þ c1hp1 þ c2hp2 þ :::
X1

V¼0
cVhpV , (15) 

where the coefficients c0, c1, c2, ::: are real numbers and can be functions of the dependent variable 
and its derivatives but are independent of h.

The exponents p0, p1, p2, ::: are the true orders of Eh; and their set is represented as pV ¼

fp0, p1, p2, :::g; with its elements being positive integers usually following the relationship 1 �
p0 < p1 < ::: characterizing an arithmetic progression. The first element of pV ; p0; is referred to 
as the asymptotic order.

The analysis of p0 a posteriori of the numerical solution is based on the calculation of the 
effective orders pE when the analytical solution is known or apparent orders pU otherwise. Their 
expressions are given by [43]

pE ¼
log Eh1

Eh2

� �

log ðrÞ
, (16) 

and

pU ¼
log /2 −/1

/3 −/2

� �

log ðrÞ
, (17) 
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where /
1
, /

2 
and /

3 
correspond, respectively, to the numerical solutions for a specific variable of 

interest on the grids Xh1 (coarse), Xh2 (fine), and Xh3 (superfine), with grid spacings h1; h2 and 
h3; Ehi is the discretization error associated with the grid Xhi ; and r ¼ h1=h2 ¼ h2=h3 is the 
refinement ratio for the grids.

4.2. Repeated Richardson extrapolation

The Richardson Extrapolation (RE) is given by [4]:

/1 ¼ /gþ1 þ
/gþ1 − /g

rp0 − 1
, (18) 

where /1 is the estimated analytical solution, /gþ1 and /g are the numerical solutions on the 

fine and coarse grids, respectively, and r ¼ hg
hgþ1 

is the refinement ratio. This expression will be 
effective if /g exclusively contains discretization errors.

The Repeated Richardson Extrapolation (RRE) consists of the recursive application of RE with 
the aim of increasing the level of accuracy of numerical solutions. The recursive process is created 
from Eq. (18), which is presented in Art_Marchi_Novak2013 [10] as

/g, m ¼ /g, m−1 þ
/g, m−1 − /g−1, m−1

rpm−1 − 1
, (19) 

where m represents the extrapolation level, and g corresponds to the grid level, with m ¼ 1, 2, :::
e g ¼ mþ 1, mþ 2::::

From a theoretical standpoint, Eq. (19) can be repeated infinitely. However, for practical appli
cations, a limit value is considered for g ¼ G; where G is a positive integer corresponding to the 
number of grids used. It is assumed that the use of this recursive process given by Eq. (19) pro
gressively increases the order of accuracy of Eh [5].

An analysis of the resulting order of accuracy can be conducted by considering a generaliza
tion of pE and pU for RRE, as described in Art_Marchi2013 [43]:

ðpEÞg, m ¼

log
Ehg−1, m
Ehg, m

� �

log ðrÞ
, (20) 

and

ðpUÞg, m ¼
log /g−1, m−/g−2, m

/g, m−/g−1, m

� �

log ðrÞ
, (21) 

where g ¼ 2, :::, G and m ¼ 1, :::, g − 1 for Eq. (20); and g ¼ 3, :::, G and m ¼ 1, :::, Intððg − 3Þ=2Þ
for Eq. (21), where IntðbÞ corresponds to the integer part of the real number b: In this perspec
tive, when the analytical solution is not known, and even the true orders are unknown, the calcu
lation of RRE can be performed by considering the values of ðpUÞg, m−1 instead of pm−1 in 
Eq. (19).

A schematic representation of the use of RRE is presented in Table 1. When m ¼ 0; there is 
the numerical solution / without any extrapolation. For m ¼ 1; there is one level of extrapola
tion, for m ¼ 2; there are two levels of extrapolations, and so on, up to the maximum allowed 
value for m in the grid Xhg ; which is m ¼ G − 1: Theoretically, /

G, G−1 
represents the numerical 

solution with the highest level of accuracy among all /
g, m
:

When analyzing Table 1, it is evident that for each obtained value of /
m, g
; the numerical solu

tion in at least two distinct grids ðg and g − 1Þ is required, considering pE: Therefore, when 
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using pU (where the exact solution / is not known), at least three distinct grids ðg, g − 
1 and g − 2Þ are required, according to Eq. (21).

Remark 2. The RRE is a post-processing technique used to decrease the discretization error of 
numerical solutions without increasing the number of terms obtained by the Taylor series, it 
depends only on the collected data. Therefore, there is no problem in taking a simple domain 
with a discretization in simple meshes. As the RRE is a post-processing, its application is inde
pendent of how data were collected. In the present work, we adopt the standard geometric multi
grid, that is usually recommended to orthogonal and non-orthogonal structured grids. However, 
for unstructured grids, the algebric multigrid can be applied.

5. Error analysis

5.1. Estimates for the discretization error

When calculating the difference between the estimated analytical solution ð/1Þ for a given vari
able of interest and its numerical solution ð/Þ; an estimate for the numerical error is obtained 
[44], that is,

Uð/Þ ¼ /1 − /: (22) 

Estimators for the discretization error will be described below, taking into account the use 
of RRE.

5.1.1. Corrected Richardson estimator (pmc)
The Richardson estimator ðUpmÞ is introduced by Art_Marchi2013 [43] as:

Upmð/g, mÞ ¼
/g, m − /g−1, m

rpm − 1
, (23) 

where g represents the grid level, and m represents the extrapolation level, valid for m ¼
½0, G − 2� and g ¼ ½mþ 2, G�; and pm corresponds to the values of pV : Observing Eq. (23), it is 
evident that the Upm estimator is not suitable for estimating the discretization error associated 
with /M ¼ f/2, 1, /3, 2, :::, /g, g−1, :::, /G, G−1g: Its application is intended for solutions with one 
level less of extrapolation f/2, 0, /3, 1, :::, /g, g−2, :::, /G, G−2g; that is, m ¼ g − 2: Alternatively, Art_ 
Marchi2016 [5] proposed the use of a correction factor rpm; and thus, the estimator becomes

Upmcð/g, mÞ ¼ rpm Upmð/gþ1, mÞ, (24) 

Table 1. Schematic representation of the use of RRE.

m ¼ 0 m ¼ 1 m ¼ 2 � � � m ¼ G − 2 m ¼ G − 1

/
1, 0
¼ /

1

&

/
2, 0
¼ /

2
! /

2, 1

&
/

3, 0
¼ /

3
/

3, 1
! /

3, 2

..

. ..
. ..

. . .
.

/
G−1, 0
¼ /

G−1
/

G−1, 1
/

G−1, 2
� � � /

G−1, G−2

&

/
G, 0
¼ /

G
/

G, 1
/

G, 2
� � � /

G, G−2
! /

G, G−1
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where m ¼ g − 1: Upmc is called the corrected pm estimator, and the error estimate will be 
denoted as Em:

5.1.2. w� Estimator
When considering the numerical solutions for the last extrapolation level with the maximum m, /M;

the estimator w is employed by considering the convergence ratio of /M and estimating Em as follows:

Uwð/g, mÞ ¼
/g, m − /g−1, m−1

w − 1
, (25) 

where

w ¼ ðwMÞg ¼
/g−1, m−1 − /g−2, m−2

/g, m − /g−1, m−1
, (26) 

for g ¼ 3, :::, G:
The use of Uw will only be effective if jwj > 1; leading to the convergence of /M and, conse

quently, reducing the magnitude of Em [42]. A correction to Eq. (25), according to Art_ 
Marchi2016 [5], is given by:

w� ¼

/g, m − /g−1, m−1

/gþ1, mþ1 − /g, m
, g ¼ 2, 3, :::, G − 1

ð/g−1, m−1 − /g−2, m−2Þ
2

ð/g, m − /g−1, m−1Þð/g−2, m−2 − /g−3, m−3Þ
, g ¼ G

:

8
>>>>><

>>>>>:

(27) 

Thus, the calculation of the numerical error estimate associated with /
M 

becomes:

Uw� ð/g, mÞ ¼
/g, m − /g−1, m−1

w� − 1
, (28) 

for g ¼ 2, :::, G:

5.2. Effectiveness of an error estimate

The effectiveness ðHðUÞÞ of an estimate U for the numerical error E can be generally assessed 
using the calculation provided in Art_Zhu1990 [45]:

HðUÞ ¼
U
E
: (29) 

Given Eq. (29), an estimate U will be accurate when HðUÞ � 1 and reliable when HðUÞ � 1:

Remark 3. Using the RRE method, we achieve high accuracy with reduced computational cost. 
This allows us to solve problems with the desired precision on meshes that do not need to be 
highly refined or, alternatively, to achieve greater precision on existing meshes. Additionally, hav
ing good estimators, calibrated with analytical solutions, is crucial. These estimators significantly 
aid in solving problems for which there are no known analytical solutions available, providing a 
robust and efficient approach for a wide range of problems.

6. Results

The use of the RRE requires obtaining numerical solutions for a specific variable of interest on a 
collection of distinct grids. In this work, the variables of interest are located at predefined 
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positions, located at the midpoint between nodal points on different grids. Figure 2 (adapted 
from Art_Marchi2016 [5]) illustrates the behavior of this type of variable in relation to the grid 
refinement process. In this figure, we have /1 with coordinate a1; /2 with coordinate a2; and /3 

with coordinate a3; corresponding respectively to the numerical solutions obtained on grids Xh1 

(coarse), Xh2 (fine), and Xh3 (superfine), with a constant refinement ratio r ¼ h1=h2 ¼ h2=h3:

For these variables, the location of the variable of interest does not coincide with the nodal 
coordinates, making it necessary to use a method that allows its calculation before applying the 
RRE. The most suitable technique for this purpose, based on the obtained nodal values, is linear 
interpolation [46]. The result of linear interpolation can be attributed to the location of the vari
able of interest /; and from these values obtained for /; we apply the RRE with Eq. (19).

Remark 4. In the context of the scientific literature involving RRE, Art_Marchi2016 [5] presented 
and tested a novel numerical procedure for reducing the discretization error of variables for 
which RRE performs poorly. In Figure 2 by Art_Marchi2016 [5], five types of variables deter
mined by their locations on different grids are illustrated. The location of a variable can be 
changed through grid refinement. In that paper, for the five types, RRE was analyzed in the prob
lems of the 1D Poisson equation, 2D Burgers equations, and 2D Navier–Stokes equations. In this 
study, we examine a variable with a pre-established location, positioned at the midpoint between 
nodal points on different grids (type II variable described in Art_Marchi2016 [5]).

Based on the methodology described in Section 4.2, we present the results obtained with the 
use of the RRE. All simulations were executed in MATLAB R2021a. As the stopping criterion for 
the linearization process, we used the maximum absolute value of pressure corrections, i.e. max 
ðjdpwj, jdpnjÞ � TOL: For the iterative process, we employed the infinity norm of the residual, 
dimensionless by the initial estimate. That is, jjrkjj1=jjr0jj1 � TOL; where rk represents the 
residual at iteration k, r0 is the residual at the initial estimate, and TOL is the tolerance adopted 
until reaching the double-precision rounding error, ensuring the minimization of iteration and 
rounding error sources. We utilized the multigrid method with the following components: CS 
scheme, W-cycle, standard coarsening ratio, Gauss-Seidel smoother, full weighting restriction 
operator, and linear interpolation prolongation operator.

Table 2. Input parameters for the problem.

Symbol Quantity Value Unit

kw Fluid mobility in phase w 1 ðPasÞ−1

kn Fluid mobility in phase n 2 ðPasÞ−1

qw Density of fluid in phase w 1 kg=m3

qn Density of fluid in phase n 2 kg=m3

Figure 2. Variable with a pre-established location, located at the midpoint between nodal points in different grids.
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6.1. Results to the one dimensional case

We present the results for the pn and pw variables for porosities U ¼ 0:4 and 0.9, with a perme
ability of K ¼ 10−2 m2: The coarsest grid considered had N ¼ 4 volumes, while the finest had 
N ¼ 256 volumes, resulting in a total of G ¼ 7 grids. To simulate the problem, we used the 
parameters employed by Thesis_Illiano2016 [36], which are presented in Table 2.

When conducting a comparative analysis of the discretization error curves associated with the 
variables pn and pw; both without the use of RRE (Eh) and with its application ðEmÞ; as illustrated 
in Figures 3-4, for porosity values U ¼ 0:4 and U ¼ 0:9; respectively, the effectiveness of using 
RRE in minimizing the discretization error is evident. In other words, the application of RRE 
results in a significant reduction in Em compared to Eh:

The results presented in Tables 3 and 4, respectively for the variables pn and pw; provide an 
example of the effect of RRE on reducing Eh; for U ¼ 0:4; which were evaluated by calculating 
the ratio jEhj=jEmj: Similar numerical results were observed for U ¼ 0:9: For instance, in the grid 
with 256 volumes, applying six levels of RRE reduced the error for the variable pw by more than 
27 million times, and for the variable pn; this reduction was over 96 million times.

The orders of accuracy for the variable pn without the application of RRE (m ¼ 0) and with 
the application of RRE can be observed in Table 5. For two levels of extrapolation (m ¼ 2), as an 
example, the value of pE approaches 4 with grid refinement.

It can also be noticed that, as the grid refinement, h! 0; the values of pE for each level of 
extrapolation tend to form an arithmetic progression, consistent with theoretical results available 
in the literature [43].

Figure 3. Discretization error considering U ¼ 0:4; with and without the use of RRE for variables: (a) pn e (b) pw:

Figure 4. Discretization error considering U ¼ 0:9; with and without the use of RRE for variables: (a) pn e (b) pw:
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Table 6 presents the results for the calculation of effectiveness H ¼ U
E

� �
; for variables pn and 

pw; obtained for the estimators Uw� and Upmc: It can be observed that, for these variables, both 
estimators proved to be accurate, with Upmc being the more reliable estimator. Figure 5 illustrates 
the results for Eh; Em and its Upmc estimate.

6.2. Extension to the two-dimensional case

For the two-dimensional case, we consider a test problem with analytical solution proposed by 
Thesis_Kvashchuk2015 [47]. In that work, Kvashchuk considered the mixed pressure-saturation 
formulation ðp, SwÞ; where p ¼ pwþpn

2 and used the analytical solution

pðx, tÞ ¼ txð1 − xÞyð1 − yÞ, (30) 

Swðx, tÞ ¼
1
2
þ txð1 − xÞyð1 − yÞ, (31) 

defined in the spatial-temporal domain X� I ¼ ½0, 1� � ½0, 1� � ½0, 1�; with initial and Dirichlet 
boundary conditions given by analytical solutions (Eqs. 30 and 31). For reasons analogous to 
those explained in Section 2.1, adaptations are also made to the pressure-saturation formulation, 
resulting in a system with the variables pw and pn; using Eqs. (6) and (7) for the two-dimensional 
case.

To simulate this two-dimensional problem, we used the parameters employed by [47], which 
are presented in Table 7.

We present the results for the pn and pw variables. The coarsest grid considered had Nx �

Ny ¼ 10� 10 volumes, while the finest had Nx � Ny ¼ 320� 320; resulting in a total of G ¼ 6 
grids.

The results presented in Table 8, for the variables pn and pw; provide an example of the effect 
of RRE on reducing Eh; which were evaluated by calculating the ratio jEhj=jEmj: For instance, in 

Table 3. Reduction of the error in three different grids, variable pn considering U ¼ 0:4:

grid h 32 volumes 64 volumes 256 volumes

m 3 4 6
jEhj 3.0038E-05 7.5139E-06 4.6978E-07
jEmj 5.4271E-09 1.4134E-10 4.8652E-15
jEhj=jEmj 5.5348Eþ 03 5.3162Eþ 04 9.6558Eþ 07

Table 4. Reduction of the error in three different grids, variable pw considering U ¼ 0:4:

grid h 32 volumes 64 volumes 256 volumes

m 3 4 6
jEhj 2.9558E-05 7.3984E-06 4.6272E-07
jEmj 1.0854E-08 2.8269E-10 1.6720E-14
jEhj=jEmj 2.7232Eþ 03 2.6172Eþ 04 2.7675Eþ 07

Table 5. Effective order of pE for the variable pn considering U ¼ 0:4:

h m ¼ 0 m ¼ 1 m ¼ 2 m ¼ 3 m ¼ 4 m ¼ 5

1.2500E-01 1.9748
6.2500E-02 1.9924 3.7174
3.1250E-02 1.9976 3.6547 3.8207
1.5625E-02 1.9991 3.4948 3.9838 7.3758
7.8125E-03 1.9996 3.3316 3.9945 5.5625 8.6979
3.9062E-03 1.9998 3.2001 3.9967 4.7335 6.2330 7.5683
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the grid with Nx � Ny ¼ 320� 320 volumes, applying five levels of RRE reduced the error for the 
variable pw by more than 159 million times.

Table 9 presents the results for the calculation of effectiveness for variable pw; obtained for the 
estimators Uw� and Upmc: It is noted that the estimator Upmc is the most accurate and reliable. For 
the variable pn; the numerical results are similar.

Figure 6 illustrates the discretization errors and its estimate Upmc ; for the variables pn and pw:

This figure show the behavior of the discretization error without (Eh) and with (Em) the use of 
RRE, highlighting the significant difference in their magnitudes. For this problem, considering 
the grid N ¼ 160� 160; Thesis_Kvashchuk2015 [47] and Art_Oliveira2024 [15] obtained an 
approximate error of the order of 1.0E-06. With a similar computational cost, in this paper, we 
achieved an error of the order of 1.0E-12 on the same grid. Regarding the estimator, there is an 
agreement between Em and Upmc ; indicating that is accurate and reliable. Thus, their use repre
sents an alternative for the numerical verification of problems for which the analytical solution is 
not known.

We also evaluate the multigrid method complexity using geometric adjustment of the type 
[37]

Table 6. Effectiveness of the estimators Uw� and Upmc for the variables pn and pw considering U ¼ 0:4 for Em:

Variable pn Variable pw

h Uw�=Em Upmc=Em Uw�=Em Upmc=Em

1.2500E-01 1.0625Eþ 00 1.0559Eþ 00 1.06995Eþ 00 1.05597Eþ 00
6.2500E-02 9.4169E-01 9.9117E-01 9.41698E-01 9.91178E-01
3.1250E-02 1.0354Eþ 00 1.0260Eþ 00 1.03550Eþ 00 1.02604Eþ 00
1.5625E-02 9.8801E-01 1.0134Eþ 00 9.88058E-01 1.01347Eþ 00
7.8125E-03 9.8942E-01 1.0025Eþ 00 9.91151E-01 1.00438Eþ 00
3.9062E-03 8.6005E-01 8.6194E-01 1.60188Eþ 00 1.61317Eþ 00

Figure 5. Discretization error without the use of RRE (Eh), with the use of RRE (Em), and its estimate Upmc � spatial discretization 
h, considering U ¼ 0:4; for the variables: (a) pn and (b) pw:

Table 7. Input parameters for the two-dimensional problem.

Symbol Quantity Value Unit

kw Fluid mobility in phase w 1
4 ðPa sÞ−1

kn Fluid mobility in phase n 3
4 ðPa sÞ−1

qw Density of fluid in phase w 1 kg=m3

qn Density of fluid in phase n 1 kg=m3

K Permeability 1 m2

U Porosity 1
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tCPU ¼ cðNÞp, (32) 

where c represents the method coefficient, p corresponds to the order of complexity and N is the 
total number of unknowns in the problem. According to reference studies [26,27], the multigrid 
method is considered ideal when the order of complexity p approaches unity and c tends to zero. 
To show the optimality of the proposed solver, we considered the relative CPU time in terms of 
the number of unknowns (in the first time step and the first linearization) on different grids, 
N ¼ 10� 10, 20� 20, 40� 40, � � � , 320� 320; and we obtained c¼ 0.0018 and p ¼ 1:0863:
We can see that the computational cost of the solver is close to OðNÞ which is in accordance 
with the literature [15,26].

7. Conclusions

In this work, we evaluated the efficiency of the RRE applied to the variables pn and pw of the 
two-phase flow problem in porous media, aiming to minimize and estimate Eh; and, increase the 
accuracy of numerical solutions. We found that: (1) the use of RRE was effective in terms of 
improving the accuracy of numerical solutions; (2) concerning the estimates of numerical error, 
considering the solutions obtained with the application of RRE, the corrected Richardson 

Table 8. Reduction of the error in two different grids, variables pn and pw for the two-dimensional problem.

variable pn variable pw

Nx � Ny 40� 40 320� 320 40� 40 320� 320

m 2 5 2 5
jEhj 1.1062E-05 1.7261E-07 7.5699E-05 1.1835E-06
jEmj 1.9909E-08 5.3734E-15 1.6265E-07 7.4036E-15
jEhj=jEmj 5.5561Eþ 02 3.2124Eþ 07 4.6540Eþ 02 1.5985Eþ 08

Table 9. Effectiveness of the estimators Uw� and Upmc for the variable pw; for the two-dimensional problem.

h Uw�=Em Upmc=Em

5.0000E-02 1.070609Eþ 00 1.068340Eþ 00
2.5000E-02 9.386907E-01 9.986569E-01
1.2500E-02 1.016404Eþ 00 1.015017Eþ 00
6.2500E-03 9.832290E-01 9.977431E-01
3.1250E-03 1.975099Eþ 00 1.966314Eþ 00

Figure 6. Discretization error without the use of RRE (Eh), with the use of RRE (Em), and its estimator Upmc � spatial discretization 
h for the two-dimensional problem, for the variables: (a) pn and (b) pw:
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estimator Upmc is recommended to provide better precision and reliability compared to other ana
lyzed estimator.
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